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ABSTRACT 


This  report  describes  the  Active  Element  Array  study  which 
was  conducted  to  determine  the  feasibility  of  constructing  a 
16-element  microwave  retrodirective  array  employing  spiral 
antennas  and  bilateral  tunnel  diode  amplifiers. 

A  number  of  significant  results  were  obtained.  The  shunt- 
diode  type  of  amplifier  originally  proposed  was  shown  to  be 
impractical  for  small  arrays  because  of  its  inherent  mismatch. 
Computed  patterns  for  the  4x4  case  showed  little  evidence  of 
retrodirectivity,  and  there  were  even  "blind  angles"  at  which 
no  return  was  received  at  all.  The  amplifier  mismatch  problem 
can  be  eliminated  if  other  bilateral  circuits  are  used;  un¬ 
fortunately,  all  of  these  circuits  contain  at  least  two  active 
devices,  and  are  roughly  equivalent  in  complexity  to  two  uni¬ 
lateral  amplifiers.  In  addition,  there  is  a  gain  limitation 
imposed  by  the  inherent  mismatch  of  the  antenna  elements  which 
is  peculiar  to  bilateral-amplifier  arrays.  The  gain  of  a  uni¬ 
lateral  array  is  limited  only  by  the  inter-antenna  isolation. 

For  the  cavity-backed  spiral  antennas  constructed  under  the 
present  contract,  the  inter-antenna  isolation  exceeded  the.  mis¬ 
match  return  loss  by  as  much  as  30  dB,  so  that  the  6-dB  gain 
advantage  of  the  bilateral  scheme  was  totally  negated  by  the 
mismatch- imposed  gain  limitation. 

The  results  of  this  study  indicate  that  future  investigations 
should  concentrate  on  Van  Atta  arrays  composed  of  a  few  well- 
isolated  antenna  elements  interconnected  by  bigb-gain  unilateral 
amplifiers.  Use  of  superregenerative  circuits  should  be  con¬ 
sidered  as  a  means  of  attaining  very  high  gains  and  frequency 
conversion  with  a  minimum  of  complexity.  Avalanche  diodes  and 
microwave  transistors  are  particularly  attractive  for  this 
application. 
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EVALUATION 


This  effort  was  to  determine  feasibility  of  building  a  two- 
dimensional  retrodirective  array  with  bilateral  amplifiers  integral 
with  the  interconnecting  transmission  lines.  Considerable  time  was 
spent  in  obtaining  an  equiangular  spiral  antenna  with  good  circularity 
and  VSWR's  compatible  with  the  gain  specifications  of  the  amplifiers. 
Calculations  showed  that  unilateral  amplifiers  have  a  gain  advan¬ 
tage,  due  to  antenna  mismatch,  over  an  array  utilizing  bilateral 
amplifiers.  In  addition,  the  calculations  showed  that  a  large  array 
of  bilateral  units  gave  the  desired  retrodirective  beam  but  for 
appreciable  array  spacing  "blind  angles"  appeared  where  no  retro¬ 
directive  beam  is  formed.  For  these  reasons  the  contractor 
abandoned  the  bilateral  concept  and  concentrated  on  optimizing 
arrays  utilizing  unilateral  amplifiers. 

A  number  of  design  considerations  for  active  Van  Atta  arrays 
were  analyzed,  including  choice  of  antenna  type,  array  layout, 
amplifier  type,  and  choice  of  interconnection  scheme. 

Many  amplifier  types  were  analyzed  assuming  non-ideal  hybrids 
and  circulators.  The  resulting  mismatch  is  shown  to  have  a  very 
severe  effect  on  overall  array  performance.  Consideration  was  also 
given  to  the  effects  of  mutual  coupling  on  array  performance. 

In  summary,  this  report  contains  an  extensive  theoretical 
analysis  of  Van  Atta  arrays  and  should  provide  users  with  an 
excellent  reference  text  in  the  design  of  arrays  of  this  nature. 
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SECTION  I 
INTRODUCTION 

\ 

This  technical  report  presents  the  findings  and  accomplish¬ 
ments  of  a  12  month  study  of  active  Van  Atta  arrays,  conducted 
under  Contract  No.  F30602-67-C-0189 .  The  intent  of  the  investi¬ 
gation  was  to  determine  the  feasibility  of  constructing  a  light¬ 
weight  16-element  planar  Van  Atta  array  which  would  act  as  a 
retroref lector  for  incident  microwave  signals.  The  array  was  to 
consist  of  8  pairs  of  spiral  antennas,  the  antennas  of  each  pair 
being  interconnected  via  a  tunnel  diode  amplifier.  The  design 
frequency  was  4.5  GHz,  with  gain  and  bandwidth  objectives  of  18  dB 
and  200  MHz,  respectively.  Consideration  was  limited  to  bilateral 
amplifiers,  so  that  each  antenna  element  would  be  used  both  in 
receiving  and  transmitting,  with  a  consequent  6-1B  gain  increase 
over  the  more  conventional  array  employing  unidirectional  ampli¬ 
fiers.  Topics  to  be  investigated  included  array  stability,  bi¬ 
static  array  patterns,  and  the  use  of  various  amplifier-integra¬ 
tion  techniques. 

The  array  design  as  originally  proposed  contained  some  very 
significant  flaws  which  gradually  became  apparent  during  the 
course  of  the  study  program.  The  amplifier  for  a  typical  array 
element  was  to  consist  simply  of  a  biased  tunnel  diode  shunting 
the  interconnecting  transmission  line  at  its  center.  This  type 
of  amplifier  is  particularly  easy  to  integrate  into  a  planar  array, 
especially  when  compared  to  more  conventional  tunnel-diode  ampli¬ 
fiers  employing  circulators  or  hybrids.  Computed  pattern  data  in 
paragraph  4.4.5  show  that  arrays  using  this  type  of  amplifier 
operate  according  to  the  qualitative  theory  only  if  the  number  of 
elements  is  quite  large.  While  an  8  x  8  array  works  well,  the 
retrodirective  performance  of  a  4  x  4  array  is  very  poor. 

The  difficulty  with  the  shunt-diode  configuration  lies  in 
the  fact  that  a  significant  portion  of  the  amplified  wave  from 
the  tunnel  diode  is  returned  to  the  input  antenna  and  reradiated, 
rather  than  conducted  to  the  conjugate  antenna  as  required  in  the 
Van  Atta  array.  In  large  arrays,  this  reflected  energy  forms  a 
specular  beam;  however,  for  small  numbers  of  elements  the  specular 
and  retrodirected  beams  interact  strongly,  producing  a  broad, 
smeared  pattern. 
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There  are  several  well-known  circuits  which  achieve  bilateral 
amplification  and  yet  are  well  matched  at  their  ports;  the  hybrid- 
coupled  tunnel  diode  amplifier  is  one  which  appeared  to  be  ideal 
for  the  present  application.  Carefully  matched  terminations  must 
be  provided  for  any  type  of  bidirectional  amplifier,  since  reflec¬ 
tions  due  to  termination  mismatch  can  cause  positive  feedback  and 
conseqtient  instability.  In  a  bilateral  Van  Atta  array,  antenna 
mismatch  has  the  same  effect  as  increased  antenna  coupling. 

A  significant  part  of  the  present  investigation  was  concerned 
with  the  development  of  a  planar  equiangular  spiral  antenna  which 
had  an  acceptable  pattern  shape  and  circularity,  together  with  the 
near-perfect  match  required  for  u^e  with  bidirectional  amplifiers. 
At  the  same  time,  it  was  desired  that  the  antenna  assume  a  form 
suitable  for  integration  into  an  inexpensive,  lightweight  array. 
After  extensive  experimentation,  a  resistance-terminated,  cavity- 
backed  antenna  was  developed  which  had  a  VSWR  of  less  than  1.043 
over  a  14  percent  band  centered  at  4.3  GHz,  but  weighed  1  lb., 

5  oz.  A  second  antenna  was  built  to  test  the  reproducibility  of 
the  match.  The  VSWR  of  the  second  model  was  also  very  low,  but 
its  detailed  behavior  as  a  function  of  frequency  was  subs tantially 
different  from  that  of  the  first  model.  Even  with  the  best  of 
machining  techniques,  it  is  unrealistic  to  expect  that  a  VSWR  of 
1.04  can  be  achieved  consistently,  particularly  when  the  inter¬ 
connecting  cable  and  amplifier  connector  are  included. 

The  mutual  coupling  between  the  two  spiral  antennas  was 
determined  over  a  range  of  frequencies  for  several  different 
spacings,  and  found  to  vary  from  -30  dB  to  -60  dB.  It  is  impor¬ 
tant  to  note  that  the  return  loss  of  one  antenna  due  to  its  1.04 
VSWR  is  only  34  dB.  The  comparison  of  the  numerical  magnitudes 
of  return  loss  and  mutual  coupling  clearly  favors  the  use  of 
unidirectional  amplifiers  instead  of  bidirectional  amplifiers, 
since  much  higher  gains  can  be  achieved  in  the  former  case,  re¬ 
gardless  of  the  antenna  VSWR.  The  6-dB  gain  advantage  of  the 
bidirectional  scheme  is  thus  completely  negated  by  the  effects 
of  antenna  mismatch  for  any  case  where  antenna  return  loss  exceeds 
the  largest  mutual  coupling  magnitude. 

Section  II  summarizes  a  number  of  design  considerations  for 
active  Van  Atta  arrays,  including  choice  of  antenna  type,  array 
layout,  amplifier  type,  and  choice  of  interconnection  scheme. 
Section  III  deals  with  the  development  of  a  matched,  cavity-backed 
spiral  antenna  element  suitable  for  use  in  a  bilateral  Van  Atta 
array.  Detailed  experimental  data  are  presented  on  the  pattern. 
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VSWR,  and  mutual  coupling  characteristics  of  the  final  antenna 
models.  Section  IV  develops  a  detailed  theory  of  the  radiation 
properties  of  Van  Atta  arrays.  Expressions  are  developed  for  the 
radar  cross  section  of  an  arbitrary  N-pair  array,  and  the  pattern 
of  linear  uniformly  spaced  arrays  employing  various  types  of 
amplifiers. 

Extensive  computed  data  are  presented  for  all  types  of  Van 
Atta  arrays,  particular  attention  being  paid  to  the  shunt-diode- 
amplifier  case.  Section  V  deals  with  the  circuit  properties  of 
a  number  of  different  bilateral  amplifier  schemes.  The  circulator- 
coupled  unilateral  amplifier  is  included  for  completeness.  One 
important  result  of  the  section,  contained  in  paragraph  5.2,  is 
the  demonstration  that  a  perfectly  matched  2-port  bilateral  ampli¬ 
fier  cannot  be  built  using  only  one  tunnel  diode.  Any  single¬ 
diode  amplifier  with  gain  must  return  a  significant  portion  of 
the  amplified  signal  back  to  the  input  port.  In  an  active  Van 
Atta  array,  this  returned  energy  degrades  the  retrodirected  pat¬ 
tern.  Paragraphs  5.3  and  5.4  summarize  the  behavior  of  several 
different  types  of  bilateral  and  unilateral  amplifiers  built  with 
nonideal  hybrids  and  circulators.  Mismatch  effects  are  shown  to 
be  particularly  severe. 

Section  VI  deals  with  the  stability  of  the  entire  Van  Atta 
array  and  brings  out  the  important  effects  of  antenna  mismatch 
and  mutual  coupling  on  array  performance.  Section  VII  contains 
a  number  of  conclusions  and  recommendations  on  the  design  of  active 
Van  Atta  arrays. 
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SECTION  II 


GENERAL  DESIGN  CONSIDERATIONS  FOR  AN  ACTIVE  VAN  ATTA  ARRAY 


2 . 1  DESIRABLE  CHARACTERISTICS  FOR  A  RETRODIRECTIVE  ARRAY 

In  this  section  we  review  briefly  the  properties  of  an  ideal 
Van  Atta  array  and  indicate  how  these  properties  are  affected  by 
the  choice  of  antenna  type,  spacing,  array  layout,  amplifier  type, 
etc.  Results  of  the  present  investigation  will  be  included  where 
they  apply. 

By  definition,  a  retrodirective  array  is  an  assembly  of 
antennas  which  re-transmits  an  incident  wavefront  back  toward  the 
sender,  regardless  of  the  latter's  position  in  space.  An  ideal 
array  would  have  a  constant  radar  cross  section  over  all  angles, 
so  that  the  power  level  returned  to  the  sender  would  not  depend 
on  the  array's  orientation.  These  considerations  dictate  a 
spherical  configuration  with  broad-beam  antenna  elements  pointing 
out  in  all  directions.  Unfortunately,  the  Van  Atta  scheme  for 
achieving  retrodirectivity  by  connecting  conjugate  pairs  of  anten¬ 
nas  together  by  equal  lengths  of  transmission  line  works  only  for 
linear  or  planar  antenna  arrangements.  To  obtain  spherical  cover¬ 
age  with  one  of  these  arrays,  one  must  use  an  approximation  of  some 
sort,  such  as  a  polyhedron  with  independent  planar  arrays  on  each 
surface.  The  wider  the  angular  coverage  of  the  component  arrays, 
the  smaller  the  number  of  surfaces  required.  One  can,  of  course, 
envision  applications  where  a  more  limited  coverage  would  suffice; 
for  example,  a  ground  beacon  for  use  with  an  aircraft  radar  should 
have  good  coverage  at  low  angles  of  elevation  and  be  omni-direction¬ 
al  in  azimuth.  Coverage  at  high  angles  can  be  less  because  of  re¬ 
duced  distance  co  the  aircraft,  and  only  one  hemisphere  need  be 
covered.  For  this  particular  application,  a  vertical  linear  array 
of  omni-directional  cylindrical  dipoles  would  be  ideal. 

It  is  desirable  for  a  Van  Atta  array  to  have  as  large  a  radar 
cross  section  o  as  possible  so  that  it  can  be  "seen"  at  long  dis¬ 
tances.  Paragraph  4.2.4  shows  that  cr  varies  with  the  square  of 
the  number  of  elements  and  the  square  of  the  amplifier  gain  used. 
Clearly,  the  amplifier  gain  cannot  be  made  arbitrarily  large  be¬ 
cause  of  the  presence  of  positive  feedback  in  the  form  of  antenna 
mutual  coupling.  A  frequency  offset  between  the  receiving  and 
transmitting  bands  may  be  necessary  if  very  high  gains  are  to  be 
achieved. 


5 


If  a  Van  Atta  array  is  used  as  part  of  a  secure  communication 
link,  then  the  returned  beam  should  be  very  narrow  and  pointed 
directly  at  the  interrogator.  A  linear  Van  Atta  array  such  as 
the  ground  beacon  mentioned  earlier  will  scatter  uniformly  in 
azimuth  with  a  narrow  elevation  beamwidth,  so  that  any  aircraft 
at  the  same  elevation  angle  as  the  interrogator  would  also  receive 
the  returned  signal.  The  same  type  of  spurious  radiation  can  re¬ 
sult  from  a  planar  array  in  which  the  element  spacing  is  greater 
than  1/2  wavelength,  so  that  grating  lobes  appear.  An  array  which 
employs  amplifiers  in  its  interconnecting  transmission  lines  will 
transmit  both  a  retrodirective  and  a  specular  beam  if  the  ampli¬ 
fiers  are  not  matched  to  the  antenna  elements. 


2.2  CONSIDERATIONS  IN  THE  CHOICE  OF  AN  ANTENNA  ELEMENT 

The  angular  coverage  of  a  planar  Van  Atta  array  can  only  be 
as  large  as  that  of  its  component  antennas;  thus  a  very  broad- 
beam  antenna  must  generally  be  used.  If  an  array  is  to  be  oriented 
more  or  less  randomly  with  respect  to  the  interrogator,  the  array 
antenna  should  be  circularly  polarized  rather  than  linear,  so  that 
input  waves  of  arbitrary  linear  polarization  can  be  received  and 
re- transmitted.  Circular  polarization  for  both  the  interrogator 
and  the  array  is  clearly  the  optimum  choice.  Finally,  it  should 
be  possible  to  pack  the  antenna  elements  close  together  without 
an  intolerable  amount  of  mutual  coupling,  so  that  grating  lobes 
can  be  avoided  and  the  array  will  be  reasonably  compact. 

The  planar  cavity-backed  equiangular  spiral  is  a  good  choice 
for  the  antenna  element,  in  view  of  the  considerations  mentioned 
above.  In  addition,  the  spiral  can  be  matched  over  a  wide  fre¬ 
quency  range  so  that  use  of  reflection-type  amplifiers  is  feasible. 
Unfortunately,  very  little  information  on  the  design  of  practical 
cavity-backed  spirals  is  available.  A  great  deal  of  experimenta¬ 
tion  is  required  to  develop  an  element  with  a  clean,  circularly 
polarized  pattern  which  is  at  the  same  time  electrically  small  in 
diameter  and  well  matched. 

In  the  present  investigation  a  very  well  matched  spiral  antenna 
element  was  developed  which  had  a  reasonably  good  pattern.  The 
mutual  coupling  between  a  pair  of  these  elements  was  measured  and 
found  to  be  very  small,  anywhere  from  -30  dB  to  -60  dB  depending 
on  spacing  and  frequency.  We  found  it  necessary  to  make  the 
antenna  some  3/4  wavelengths  in  diameter  for  high  efficiency,  and 


that  the  rather  large  cavity  center  post  required  to  contain  the 
matching  network  degraded  the  pattern  somewhat. 


2 . 3  ARRAY  LAYOUT 

The  geometry  of  the  element-pair  layout  in  a  Van  Atta  array 
would  seem  to  be  of  prime  importance  in  determining  its  retro- 
directive  properties.  In  fact,  the  present  study  has  shown  (see 
paragraph  4.2.3)  that  the  retrodirective  cross  section  of  a  planar 
Van  Atta  array  measured  from  a  particular  elevation  angle  is  inde¬ 
pendent  of  the  element  pair  arrangement.  It  is,  of  course, 
necessary  to  maintain  the  elements  of  each  pair  in  conjugate  posi¬ 
tions,  the  element  at  (x,y)  being  connected  to  that  at  (-x,-y). 
Azimuthal  variation  of  the  element  patterns  is  assumed  nil. 

Variations  in  element  arrangement  and  spacing  cause  the  width 
of  the  retrodirected  beam  to  vary,  and  may  cause  the  appearance  of 
grating  lobes.  These  characteristics  of  the  Van  Atta  array  are 
easy  to  understand  when  one  observes  that,  in  the  retrodirective 
direction,  all  of  the  transmitting  antennas  are  radiating  in  phase, 
regardless  of  their  position  in  tne  plane  of  the  array. 

The  difference  between  one  array  layout  and  another  is  mani¬ 
fested  in  the  appearance  of  grating  lobes,  different  mutual  coupl¬ 
ing  between  elements,  and  in  the  detailed  behavior  of  the  radia¬ 
tion  pattern  off  the  retrodirective  direction.  The  "retrodirective 
beamwidth"  is  very  much  a  function  of  arrangement  and  spacing.  For 
closely  spaced  elements,  the  returned  beam  Is  relatively  broad, 
while  the  converse  is  true  for  widely  separated  elements.  Beamwidth 
considerations  could  be  important  if  the  transmitter  and  receiver 
are  not  at  exactly  the  same  angular  position,  or  if  a  pointing 
error  is  present  in  the  array  due  to  mechanical  or  electrical  im¬ 
perfections  . 


2.4  CHOICE  OF  AMPLIFIER  TYPE 

Several  types  of  amplifiers  are  suitable  for  use  in  the  inter¬ 
connecting  lines  of  an  active  Van  Atta  array.  The  choice  of  an 
amplifier  type  is  based  on  considerations  of  antenna-element  mutual 
coupling,  element  mismatch,  array  performance  desired  and,  most 
important  of  all,  cost. 


The  simplest  type  of  Van  Atta  array  employs  unilateral  am¬ 
plifiers  in  the  interconnection  cables,  so  that  the  antennas  con¬ 
nected  to  the  amplifier  inputs  are  used  exclusively  for  receiving 
the  incident  wave,  and  those  connected  to  the  amplifier  outputs 
for  re- transmitting  the  retrodirected  beam.  The  stability  of  this 
class  of  array  is  a  function  only  of  the  amplifier  gains  and  the 
various  cross-couplings  between  transmitting  and  receiving  ele¬ 
ments.  A  detailed  analysis  of  the  stability  problem  is  presented 
in  Section  VI.  Qualitatively,  one  can  state  that  the  gain  per 
amplifier  is  bounded  by  the  reciprocal  of  the  largest  mutual-coupl¬ 
ing  magnitude. 

It  is  evident  that  the  unilateral-amplifier  scheme  does  not 
make  the  most  efficient  use  of  the  array  aperture,  since  only  half 
the  total  number  of  elements  are  active  as  transmitters  or  re¬ 
ceivers.  Use  of  matched  bilateral  amplifiers  would  allow  each 
antenna  .’element  to  act  simultaneously  as  a  transmitter  and  as  a 
receiver.  Effectively,  a  bilateral-amplifier  array  is  equivalent 
to  two  unilateral-amplifier  arrays  superimposed  on  one  another,  so 
that  the  retrodirective  gain  is  higher  by  a  factor  of  4  (6  dB) . 

The  unfortunate  flaw  in  this  scheme  is  that  the  antenna  elements 
must  be  extremely  well  matched  to  the  transmission  lines  and  the 
bilateral  amplifier,  since  the  amplifier  makes  no  distinction  be¬ 
tween  a  radiation  input  to  one  of  the  antennas  and  a  reflection  due 
to  antenna  mismatch.  The  latter  reflections  act  like  additional 
positive  feedback  in  the  unilateral-amplifier  case,  so  that  the 
gain  stability  is  degraded.  A  major  result  of  the  present  investi¬ 
gation  was  to  show  that,  in  the  case  of  cavity-backed  spirals,  the 
gain  limitation  imposed  by  antenna -element  return  loss  is  much 
more  serious  than  that  imposed  by  antenna  mutual  coupling  alone. 
Thus,  the  unilateral  amplifier  scheme  is  preferable  to  any  type 
of  bilateral  scheme  on  a  gain-stability  basis,  in  addition  to  be¬ 
ing  preferable  because  of  circuit  simplicity. 


Originally  our  intention  was  to  use  a  bilateral  amplifier  con¬ 
sisting  of  a  shunt  negative  resistance  at  the  center  of  the  in¬ 
terconnecting  line.  The  feasibility  of  this  scheme  was  demonstrated 
for  a  two-pair  array  by  Snyder  at  RADC.^'  This  type  of  amplifier 
is  bilateral,  but  has  the  property  that  the  amplified  output  wave 
is  applied  equally  to  both  antennas,  with  the  result  that  both  a 
specular  and  retrodirected  beam  are  formed.  Further,  the  analysis 
of  paragraph  4.4.5  shows  that  there  may  be  a  "blind"  angle  for 
which  the  return  from  the  array  disappears,  though  at  other  angles 
it  operates  as  expected  from  the  qualitative  theory.  Also,  unless 
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the  number  of  element  pairs  is  large,  significant  beam-pointing 
errors  occur.  Circuit  considerations  show  that  this  "shunt-diode" 
amplifier  scheme  requires  four  times  (6  dB)  more  amplifier  gain 
than  the  matched-amplifier  case  (paragraph  5.3.3).  For  these  rea¬ 
sons,  the  shunt-diode  amplifier  was  abandoned  in  favor  of  the 
matched  bilateral  amplifier. 


2 . 5  TRANSMISSION-LINE  AND  INTERCONNECTION  CONSIDERATIONS 

The  uses  to  which  a  practical  active  Van  Atta  array  could  be 
put  depend  very  strongly  on  how  light  in  weight  and  inexpensive 
it  could  be  made.  A  planar,  stripline  construction  in  which  the 
spiral  artennas,  amplifiers,  and  interconnecting  lines  were  etched 
on  a  single  piece  of  copper-clad  dielectric  would  be  ideal.  Small 
metal  cups  could  be  used  on  the  back  of  the  spirals  for  cavities. 

It  would  first  appear  that  line-crossing  problems  would  arise  in 
connecting  each  element  to  its  conjugate;  however,  it  is  a  simple 
matter  to  devise  a  planar  arrangement  of  lines  in  which  no  cross¬ 
ings  occur,  though  the  lines  connecting  the  outer  antennas  need 
to  be  much  longer  than  the  lines  connecting  the  central  ones  (see 
Figure  1) .  The  phase  delays  of  the  various  lines  could  be  equalized 
by  making  the  lin s  lengths  increase  in  steps  of  one  wavelength, 
or  by  meandering  the  inner  lines,  or  both. 

Our  experiments  with  strip line  edge- fed  spirals  met  with  little 
success  because  of  pattern  problems  and  high  VSWR  (see  paragraph 
3.3.5).  In  retrospect,  the  use  of  resistive  terminations  and 
spirals  of  lower  expansion  rates  might  have  yielded  better  results. 
However,  precision  matching  of  the  antenna  would  still  have  been 
extremely  difficult  since  there  is  no  practical  way  to  make  VSWR 
measurements  directly  in  the  stripline  itself.  The  stripline- 
to-coax  transitions  available  have  VSWR' s  which  are  prohibitive. 

If  one  were  to  use  circulator-coupled,  unidirectional  amplifiers 
instead  of  bidirectional  amplifiers,  the  antenna  matching  problem 
would  largely  disappear,  and  the  edge-fed  planar  spiral  appi'oach 
might  become  very  attractive.  Circulators  with  suitable  charac¬ 
teristics  can  now  be  made  less  than  1/4  inch  in  diameter.'^' 

The  requirement  for  bidirectional  amplifiers  demands  that  each 
antenna  be  very  carefully  matched  to  the  interconnecting  lines, 
and  that  the  number  of  connectors  be  held  to  an  absolute  minimum. 

We  adopted  0.141-inch  semirigid  copper-jacketed  cable  for  the 
interconnections,  since  it  is  mechanically  stable  and  the  charac¬ 
teristic  impedance  can  be  held  to  close  tolerances.  We  used  the 
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rather  large  N-type  connector  on  the  antenna  model  both  for  conven¬ 
ience  in  VSVJR  measurements  and  because  of  the  need  for  mechanical 
precision  in  the  machining  of  the  matching  network.  The  resulting 
antenna  achieved  the  desired  VSWR  with  bandwidth  to  spare,  but  can 
hardly  be  recommended  for  inclusion  in  a  lightweight  array. 

In  summary,  it  does  not  appear  to  be  feasible  at  present  to 
build  the  well-matched  antennas  and  circuit  components  required 
in  a  bidirectional-amplifier  Van  Atta  array  without  incurring 
the  weight  and  size  penalties  of  coaxial  components.  Relaxation 
of  the  matching  requirement  through  the  use  of  circulator-coupled 
unilateral  amplifiers  would  allow  the  use  of  modern  integrated- 
microwave-circuit  technology  throughout,  with  consequent  savings 
in  size  and  weight. 


SECTION  III 


ANTENNA  DEVELOPMENT 


3 . 1  SUMMARY 

An  important  part  of  the  present  investigation  was  con¬ 
cerned  with  developing  a  suitable  radiating  element  for  the 
Van  Atta  array.  Consideration  was  limited  to  planar  equi¬ 
angular  spirals  because  of  their  broad  beam,  circular  polari¬ 
zation,  and  frequency- independent  impedance  characteristics. 

As  discussed  in  paragraph  2.1,  coverage  of  one  hemisphere  was 
desired,  so  that  some  sort  of  reflector  had  to  be  placed 
behind  the  spiral  element. 

The  literature  on  spiral  antennas  is  very  sparse,  parti¬ 
cularly  with  regard  to  proven  cavity-backed  designs  for  the 
microwave  region.  The  published  theory  appears  to  be  entirely 
inadequate  for  the  treatment  of  reflector-backed  spirals. 

After  considerable  experimentation,  we  arrived  at  a  suitable 
antenna  design  utilizing  a  resistance- terminated  self-comple¬ 
mentary  spiral  of  expansion  rate  1.4  per  turn  mounted  over  a 
cavity  1/4  wavelength  deep  at  4.5  GHz.  A  special  center-post 
design  was  used  to  provide  loading  at  the  feed  region  of  the 
antenna,  and  acted  as  the  outer  conductor  for  the  coaxial  feed 
line  and  matching  network.  A  VSWR  of  less  than  1.043  was 
achieved  over  a  14  percent  bandwidth  centered  at  4.3  GHz. 

A  series  of  measurements  was  made  of  the  mutual  coupling 
between  a  pair  of  cavity-backed  spiral  antenna  elements.  The 
measured  isolation  ranged  from  32  dB  to  50  dB  over  4.1  GHz  to 
4.9  GHz,  with  the  antennas  at  their  minimum  spacing  of  1.14 
wavelength.  The  magnitude  of  the  isolation  sets  an  upper  limit 
on  the  amplifier  gain  which  can  be  used  in  an  active  Van  Atta 
array;  comparison  of  the  isolation  with  the  return  loss  of  the 
individual  elements  determines  whether  a  bidirectional  amplifier 
scheme  is  practical  or  not.  A  VSWR  of  1.05  corresponds  to  a 
return  loss  of  32.25  dB.  Even  for  the  exceptionally  well- 
matched  antennas  we  have  constructed,  the  stable  gain  which 
can  be  obtained  with  a  unidirectional  amplifier  far  exceeds 
that  achievabl,e  with  any  bidirectional  scheme. 
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Paragraph  3.2  summarizes  the  results  of  the  theory  of 
planar  equiangular  spirals,  and  is  mainly  derived  form 
Rumsey.w)  Paragraph  3.3  describes  our  initial  experiments 
which  were  based  on  theoretical  predictions.  Our  results  were 
rather  poor,  and  led  us  to  seek  outside  assistance.  Discussions 
with  engineers  at  SES-West  led  to  the  design  of  the  matched, 
resistance-terminated,  cavity-backed  antennas  described  in 
paragraph  3.4.  Finally,  a  series  of  mutual  coupling  measure¬ 
ments  was  carried  out  on  a  pair  of  our  antennas,  as  described 
in  paragraph  3.5.  Isolations  exceeding  50  dB  were  measured  at 
some  frequencies.  No  advantage  in  using  cross-polarized  spirals 
could  be  discerned. 


3.2  BRIEF  REVIEW  OF  THE  THEORY  OF  PIANAR  EQUIANGULAR  SPIRALS 

The  planar  equiangular  spiral  antenna  has  been  extensively 
studied  by  Dyson(4)  and  Rumsey(3)  at  the  University  of  Illinois. 
The  two-arm  spiral  pictured  in  Figure  2  consists  of  two  metal 
arms  of  angular  width  a,  separated  by  spaces  of  angular  width 
180°  -  a. 

The  arms  are  generated  by  rotating  the  spiral  curve 


r  =  kea* 


through  an  angle  a.  The  expansion  rate  1 f 1  per  turn  is  given 
by 


fr  -  kea^  + 


a27r 

f  =  e 


An  infinite  spiral  antenna  may  be  described  by  two  angles. 

One  is  the  arm  width  a ,  and  the  other  the  angle  A  =  cot-l(a) 
which  the  radius  vector  makes  with  the  tangent  to  the  spiral 
curve.  Scaling  the  antenna  does  not  change  it,  except  for 
rotation.  Thus,  the  radiation  characteristics  are  independent 
of  frequency. 
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It  has  been  theorized,  and  fairly  well  substantiated  ex¬ 
perimentally,  that  the  equiangular  spiral  radiates  principally 
from  a  narrow  annular  zone  one  wavelength  in  circumference, 
similar  to  a  loop  antenna  terminated  in  a  matched  load.  As 
the  wavelength  is  increased  and  decreased,  the  active  region 
expands  and  contracts  accordingly.  Outside  the  active  region, 
the  attenuation  of  the  waves  on  the  antenna  is  extremely  rapid. 

A  finite  equiangular  spiral  will  behave  in  an  approximately 
frequency-independent  manner  provided  the  active  region  is 
large  enough  to  be  outside  the  central  terminal  region,  yet 
small  enough  to  be  at  least  half  a  turn  or  so  away  from  the 
ex ter mi ties  of  the  antenna. 

A  two-arm  spiral  driven  from  a  balanced  line  will  radiate 
in  the  so-called  fundamental  mode,  yielding  an  electric  field 
pattern  approximating  two  equal  spheres  touching  at  the  feed 
point.  That  is,  the  radiation  field  varies  as  cos  8,  where 
6  is  measured  from  the  normal  to  the  antenna.  Theory  predicts 
that  the  field  strength  should  vanish  in  the  plane  of  the 
antenna,  and  that  the  polarization  should  be  circular  every¬ 
where.  For  the  self-complementary  antenna,  in  which  the  arms 
and  spaces  are  of  equal  angular  width  (a  =  90°).  the  terminal 
impedance  can  be  shown  to  be  189  ohms  (Rumsey,  (3)  p.  27).  No 
such  simple  statement  can  be  made  about  the  a  £  90°  case,  though 
one  would  expect  antennas  with  a  <  90°  to  be  Inductive. 


3.3  INITIAL  ANTENNA  EXPERIMENTS 
3.3.1  Introduction 


It  appeared  to  us  on  the  basis  of  Rumsey' a  work  that 
almost  any  spiral  antenna  we  built  would  radiate  a  cos  0  pattern 
with  nearly  perfect  circular  polarization.  Particularly 
important  were  the  predictions  that  high  expansion  rates  (up 
to  f  *  7  per  turn)  could  be  used,  and  that  the  attenuation  of 
the  currents  on  the  arms  outside  the  radiating  zone  was  so  fast 
that  no  special  termination  of  the  arms  was  required.  We 
were  also  under  the  impression  that  the  antenna  element  Impedance 
could  be  matched  directly  to  whatever  value  we  desired  by 
altering  the  arm  width  angle  a ,  and  that  a  simple  ground  plane 
one-quarter  wavelength  behind  the  antenna  would  direct  all  the 
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radiation  forward  without  severely  altering  the  pattern  or  the 
circular  polarization.  Our  initial  antenna  models  had  very  poor 
patterns  and  high  polarization  ratios,  probably  due  to  feed  un¬ 
balance.  Later,  on  the  advice  of  engineers  at  SES-West,  we  tried 
larger-diameter,  cavity-backed  antennas  having  a  very  low  expan¬ 
sion  rate  and  terminated  in  a  ring  of  resistive  material.  These 
antennas  were  far  more  successful  than  our  earlier  models,  and 
formed  the  basis  for  a  series  of  mutual  coupling  measurements. 

For  completeness,  we  are  including  pictures  and  descriptions  of 
some  of  our  more  successful  early  models,  as  well  as  a  discussion 
of  the  cavity-backed,  terminated  units. 


3.3.2  Tapered  Coaxial  Baiun 

Our  initial  experiments  used  baluns  of  the  mode-converter 
type  described  by  Duncan  and  Minerva.-  (5)  The  balun  consists 
of  a  length  of  coaxial  cable  whose  outer  conductor  is  gradually 
cut  away  along  its  length,  exposing  the  center  conductor  and 
finally  degenerating  into  a  two-wire  line.  The  coaxial,  sheath 
is  cut  in  such  a  way  that  the  line  impedance  has  a  Chebyshev 
distribution  along  its  length  to  minimize  the  VSWR  for  a  fixed 
length,  as  in  a  tapered-line  transformer.  Measurements  on  the 
terminated,  back-to-back  pair  of  tapered  baluns  shown  in  Figure  3 
indicated  a  VSWR  of  less  than  1.2  from  3.2  GHz  to  4.6  GHz.  At 
4.5  GHz  the  insertion  loss  was  only  0.5  dB,  indicating  that 
little  if  any  energy  was  being  lost  by  radiation.  We  had  designed 
the  balun  for  a  maximum  VSWR  of  1.035  for  frequencies  above 
3.0  GHz,  and  suspect  that  the  beads  used  to  support  the  -nter 
conductor  probably  caused  most  of  the  reflections. 

Tapered  coaxial  baluns  present  an  interesting  fabrication 
problem.  We  manufactured  them  by  soldering  the  coaxial  cable 
into  a  hole  drilled  in  a  slab  of  brass,  then  cutting  away  the 
brass  and  cable  sheath  together  along  the  prescribed  contour 
with  an  abrasive  drum.  The  brass  guide  thus  formed  was  used 
repeatedly  to  generate  a  series  of  nearly  identical  baluns. 

The  best  results  on  the  sheath  were  obtained  when  the  teflon 
insulation  was  removed  prior  to  sanding;  this  was  accomplished 
by  cooling  the  cable  in  liquid  nitrogen,  then  withdrawing  the 
teflon  and  the  center  conductor.  In  some  baluns,  the  dielectric 
was  reinserted  after  cutting,  often  with  considerable  difficulty. 
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3.3.3  Unbacked.  Coaxial- Baiun-Fed  Antenna  Models 

* igure  4  shows  an  antenna  model  of  the  type  tried  initially. 
The  very  first  model  had  a  near  perfect  match  over  the  range 
2  to  4.6  GHz,  the  VSWR  being  less  than  1.05  in  spots,  and  no¬ 
where  greater  than  1.6.  A  pattern  test  indicated  considerable 
radiation  in  the  plane  of  the  antenna,  where  theory  assured  us 
there  could  be  none.  We  had  employed  an  electrically  short, 
linearly  taped  balun  filled  with  dielectric,  and  believed  the 
radiation  to  be  coming  from  it.  In  retrospect,  it  was  undoubtedly 
the  unterminated,  high-expansion-rate  spiral  which  caused  the 
undesired  radiation. 

Later  models  of  the  "open"  type  were  similarly  unsuccess¬ 
ful.  Decreasing  the  thickness  of  the  antenna-backing  dielectric 
from  1/16  inch  to  1/32  inch,  then  to  0.01  inch  improved  the 
polarization  ratio  (circularity)  somewhat.  Tests  of  spirals  with 
various  numbers  of  turns,  arm  thickness,  and  expansion  rates 
always  gave  patterns  which  had  substantial  radiation  in  the 
antenna  plane  (see  Figure  5). 


3 . 3,.  4  Flat-Plate  Backed  Antennas 

Initially  it  was  felt  that  the  Van  Atta  array  could  take 
the  form  of  a  set  of  unenclosed  spirals  backed  by  a  common 
ground  plane.  It  was  therefore  of  interest  to  test  single 
antennas  over  a  ground  plane  to  see  what  effects  could  be 
observed  on  the  radiation  pattern  and  the  impedance. 

The  coaxial,  mode-converter  balun  was  considerably  longer 
than  1/4  wavelength  at  4.5  GHz,  so  that  it  was  not  practical  to 
put  the  ground  plane  that  close  to  the  spiral.  It  was  reasoned 
that  the  behavior  of  an  antenna  with  a  ground  plane  5/4  wave¬ 
length  behind  it  would  be  similar,  at  least  on  axis.  Figure  6 
shows  one  of  the  patterns  we  took  in  this  manner.  Note  the 
multilobe  character  of  the  pattern,  caused  by  interference  of 
the  direct  and  reflected  beams  at  various  angles. 

Recessing  the  balun  within  a  3 /8-inch  pipe  allowed  us 
to  move  the  ground  plane  up  close  to  the  antenna,  so  that  the 
multiple- lobing  effect  disappeared.  The  addition  of  a  circular 
ring  surrounding  the  antenna  afforded  some  additional  pattern 
improvement.  The  model  is  shown  in  Figure  7 ,  and  one  of  the 
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better  patterns  is  shown  in  Figure  8.  Although  the  pattern 
shape  and  circularity  were  good  at  3.95  GHz,  comparable  results 
could  not  be  obtained  at  the  design  frequency  of  4.5  GHz. 


The  rather  discouraging  results  obtained  with  the  coaxial- 
balun-fed  antennas  led  us  to  try  a  completely  different  approach, 
that  of  the  infinite-balun  feed  used  by  Dyson. (4)  in  this  feed 
scheme,  a  coaxial  cable  is  soldered  along  one  arm  of  a  two- 
arm  slot  antenna,  and  the  center  conductor  led  across  the  gap 
at  the  center  of  the  antenna  and  bonded  to  the  second  arm.  A 
dummy  cable  may  be  soldered  to  the  second  arm  to  preserve 
symmetry. 


It  was  of  course  impractical  to  solder  cables  along  the 
arms  of  our  tiny  antennas.  Instead,  we  tried  two  different 
stripline  approaches  which  used  the  relatively  wide  spiral 
arms  as  "ground  planes"  for  a  narrow  feed  conductor. 


The  first  model,  shown  in  Figure  9,  was  a  microstrip-fed 
slot  etched  on  a  single  piece  of  1/32 -inch  copper-clad  dielectric. 
The  transition  from  a  50-ohm  microstrip  to  a  0.141-inch  coaxial 
line  was  made  by  means  of  a  butt  joint  at  the  edge  of  the  board. 
Tests  of  a  pair  of  these  joints  indicated  an  excellent  match. 

The  microstrip  line  was  etched  on  the  opposite  side  of  the  di¬ 
electric  from  one  of  the  copper  arms  of  the  slot  antenna.  A 
dummy  line  was  placed  opposite  the  other  arm  to  preserve  symmetry. 
At  the  center  of  the  spiral,  the  driven  microstrip  line  was 
soldered  to  the  end  of  the  second  spiral  arm,  thereby  forming 
an  "infinite"  balun.  The  width  of  the  microstrip  line  was  tapered 
gradually  over  the  length  of  the  spiral  in  such  a  way  that  the 
original  50-ohm  unsymmetrical  line  became  a  150-ohm  symmetrical, 
parallel-plate  line  at  the  center  crossover  point. 


Figure  10  shows  a  pattern  taken  with  the  microstrip 
antenna.  The  pattern  shape  and  circularity  were  very  poor  when 
compared  to  those  of  the  cavity-backed  antennas  studied  earlier. 


In  an  effort  to  improve  the  pattern  of  the  planar- type 
spiral  antenna,  the  symmetrical  Tri-plate  design  shown  in  Figure 
11  was  tried.  This  antenna  consisted  of  two  slot  antennas  back- 
to-back,  with  a  Tri-plate  transmission  line  running  along  the 


spiral  arms  and  sandwiched  between  them.  The  two  slot  antennas 
were  connected  in  parallel  by  bridging  corresponding  arms  to¬ 
gether  at  the  center.  At  the  central  feed  point,  the  Tri-plate 
line  was  connected  across  the  gap  to  the  opposite  antenna  arm. 

As  in  the  case  of  the  microstrip  antenna,  the  transmission 
line  impedance  was  tapered  smoothly  from  50  ohms  at  the  antenna 
periphery  to  about  180  ohms  at  the  center. 

Pattern  tests  with  the  Tri-plate  antenna  indicated  be¬ 
havior  similar  to  that  of  the  micros  trip  model.  A  marked 
dependence  of  circularity  on  excitation  frequency  was  noticed, 
as  well  as  a  periodic  impedance  variation.  These  effects  suggest 
that  the  Tri-plate  transmission  line  was  coupling  to  the  antenna 
slots  along  their  entire  length,  rather  than  just  at  the  feed 
point  as  was  intended.  Such  coupling  could  be  reduced  by  bonding 
the  two  antenna  arms  (Tri-plate  ground  planes)  together  peri¬ 
odically,  as  well  as  by  drastically  reducing  the  dielectric 
thickness.  Neither  technique  seemed  practical,  so  we  returned 
to  the  cavity-backed  spiral  design. 


3.3.6  Conical-Cavity- Backed  Antenna 

Concurrent  with  the  study  of  the  stripline  antennas,  we 
continued  the  development  of  a  cavity-backed  unit.  The  adjust¬ 
able  aluminum  conical  cavity  shown  in  Figure  12  was  designed 
so  that  the  surface  of  the  cone  was  always  1/4  wavelength  be¬ 
hind  the  assumed  one-wavelenglh-circumference  radiating  zone 
of  the  spiral.  It  was  reasoned  that  this  approach  would  give 
us  a  broadband  reflector  which  would  not  affect  the  pattern  or 
impedance  of  the  spiral  as  drastically  as  a  flat  plate.  As  in 
previous  models,  a  tapered,  mode-converter  balun  was  recessed 
into  the  center  of  the  cavity. 

We  obtained  one  pattern  at  4.0  GHz  which  showed  a  polari¬ 
zation  ratio  of  better  than  1.5  dB  over  a  220°  beamwidth,  and 
better  than  3  dB  over  220°  (see  Figure  13).  Unfortunately, 
these  results  could  not  be  repeated.  It  was  noted  that  the 
pattern  symmetry  and  circularity  were  extremely  sensitive  to 
mechanical  displacement  of  the  balun  and  the  antenna.  This  led 
us  to  conclude  that  the  balun  was  being  distorted,  destroying 
its  balance. 

At  this  point  we  learned  of  cavity-backed  spiral  work  being 
done  at  SES-West,  and  discussions  with  their  engineers  cleared 
up  many  of  our  difficulties. 
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3.4  TERMINATED,  CAVITY- BACKED  SPIRAL  ANTENNAS 
3.4.1  Discussions  with  Engineers  at  SES-West 

Conversations  with  members  of  the  Antenna  Department  at 
SES-West,  Mountain  View,  California,  revealed  many  shortcomings 
In  our  initial  approach  to  the  problem  of  building  a  well-matched 
cavity-backed  spiral  antenna  for  4.5  GHz.  Most  of  the  information 
was  from  the  previous  experimental  experience  of  the  individuals, 
which,  while  unpublished  and  with  little  theoretical  basis,  none¬ 
theless  enabled  them  to  construct  spiral  antennas  with  excep¬ 
tionally  clean  patterns  and  low  polarization  ratios. 

We  learned  that  although  theory  predicts  a  very  high  rate 
of.  current  attenuation  along  the  arms  of  an  equiangular  spiral, 
in  practice  it  has  been  found  necessary  to  place  an  annulus 
of  resistive  material  around  the  edges  of  the  antenna  to  get 
good  performance.  It  is  also  necessary  to  use  multiturn  spirals 
of  very  low  expansion  rate,  contrary  to  theoretical  predictions. 

The  cavity  design  suggested  to  us  was  a  right-circular 
cylinder  from  0.18  0,28  wavelengths  deep,  and  about  two 

wavelengths  in  circumference.  Substantially  better  patterns 
can  be  had  through  the  use  of  an  absorber-lined  cavity,  though 
at  reduced  gain. 

The  investigators  at  SES-West  have  completely  separated 
the  "antenna  problem"  from  the  "balun  problem."  They  feed 
their  spirals  (2-arm,  4-arm,  6-arm,  and  conical)  by  means  of 
very  small  (0.047  inch)  50-chm  coaxial  cables  phased  appro¬ 
priately,  Their  feed  for  a  conical  spiral  consists  of  two 
cables  soldered  inside  a  small  brass  tube,  the  two  center  con¬ 
ductors  being  attached  to  the  ouiral  arms.  Behind  the  antenna, 
the  cables  are  brought  out  separately  to  a  special  double- 
ridged-waveguide  balun.  In  rb  s  balun,  two  -3  dB  outputs  180° 
out-of-phase  are  obtained  f-;om  probes  inserted  into  opposite 
sines  of  a  double-ridged  waveguide  operating  in  the  TE]  q  mode. 

The  latter  mode  is  generated  by  a  conventional  coax-to-waveguide 
proble  ’Transition.  The  balun  has  a  VSWR  of  less  than  1,4:1 
over  the  2.5  ••  5.0  GHz  band.  Over  most  of  the  band,  the  output 
amplitude  balance  Is  better  than  0.1  dB  and  the  phases  are  within 
2°  of  perfect, opposition. 
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3.4.2  Cavity-Backed  Spiral  Fed  by  Push-Pull  Cables 


Several  new  ideas  were  incorporated  in  the  cavity- backed 
spiral  of  Figure  14.  We  used  a  multiturn,  self-complementary 
spiral  of  very  low  expansion  rate.^-  The  spiral  was  considerably 

larger  than  any  we  had  been  able  to  make  on  our  oscilloscope, 

and  was  much  more  logarithmic  toward  the  center.  The  antennas 
were  made  on  1/32 -inch  glass-reinforced  polystyrene  dielectric, 
coated  on  one  side  with  1  oz  copper. 2  The  expansion  rate  was 
only  1.4  per  turn,  where  we  had  been  using  rates  of  from  1.75  to 

2.5  previously.  The  antenna  was  terminated  with  a  washer  made 

of  0.025-inch  Filmohm  metal-film  resistance  card  whose  resistance 
was  377  ohms  per  square. 3 

Our  first  terminated  cavity-backed  antenna  was  fed  from 
the  center  conductors  of  two  0.085-inch  copper- jacketed  cables 
mounted  inside  a  3/8- inch  pipe.  The  two  cables  were  drived  in 

push-pull  from  a  180°  hybrid  T.  The  cavity  was  a  right-circular 

cylinder  3/4  wavelength  in  diameter  and  1/4  wavelength  deep  at 

4.5  GHz.  The  pattern  we  obtained  is  shown  in  Figure  15.  Sub¬ 
stantial  asymmetry  was  evident,  but  the  circularity  was  good.  The 
pattern  falls  off  more  slowly  with  angle  than  expected  for  a 
spiral  operating  in  the  first  mode.  We  suspect  that  the  two 
drive  cables  were  not  of  exactly  the  same  electrical  length, 
resulting  in  a  partially  unbalanced  drive  for  the  antenna,  and 
consequent  excitation  of  the  broad-beam  second  spiral  mode.  The 
difficulties  involved  with  precisely  phasing  the  cables,  coupled 
with  the  necessity  for  providing  a  well-matched  180°  hybrid  and 
its  associated  connectors,  encouraged  us  to  try  some  simpler 
balun  schemes. 


3.4.3  Chebyshev-Balun-Fed ,  Cavity- Backed  Spiral 

We  next  tried  the  short,  linearly  tapered,  dielectric- 
filled  coaxial  balun  shown  in  Figure  16.  This  "Chebyshev  balun" 
was  very  similar  to  the  one  used  in  the  AEL  Model  ASN  533A 
Archimedes  spiral  antenna.  The  pattern  obtained  in  this  case 


1.  The  antenna  negative  was  kindly  supplied  by  Sam  Kuo  of  SES-West. 

2.  Custom  Pe..  CR.  Custom  Materials  Inc.,  Chelmsford,  Mass. 

3.  Filmohm  Corp. ,  37-11  47th  Avenue,  Long  Island  City,  N.  Y. 


33 


(see  Figure  17)  had  better  symmetry  and  circularity  than  in  the 
case  of  the  two-cable  model,  but  we  still  were  not  obtaining 
the  cos  9  roll-off  of  the  pattern  with  angle  which  is  character¬ 
istic  of  the  spiral  operating  in  its  lowest  mode. 


3.4.4  Tapered-Center-Post,  Cavity-Backed  Spiral 

Our  first  really  successful  cavity-backed  spiral  is  shown 
in  Figure  18.  In  this  model  the  cavity  and  "balun"  were  machined 
together  out  of  a  single  piece  of  brass  for  mechanical  repro¬ 
ducibility.  This  model  had  no  balun  as  such,  the  two  arms  of 
the  spiral  being  connected,  respectively,  to  the  inner  and  outer 
conductors  of  a  coaxial  line  built  into  the  center  post  of  the 
cavity  (see  Figure  19).  A  conical  top  was  provided  on  the  center 
post  with  the  idea  that  some  capacitive  loading  at  the  antenna's 
terminal  region  would  help  cancel  the  inductance  introduced  there 
by  the  wire  connections  to  the  arms.  This  loading  scheme  has 
been  used  to  match  dipole  antennas. 4  As  it  turned  out,  the  load¬ 
ing  was  not  sufficient  to  yield  a  purely  resistive  impedance, 
but  the  technique  was  later  used  successfully  in  another  model. 
The  pattern  of  this  tapered-center-post  model  at  4.5  GHz  is 
shown  in  Figure  20.  The  polarization  ratio  is  less  than  0.5  dB 
over  a  100°  beamwidth,  and  the  3-dB  beamwidth  is  70°.  Some 
asymmetry  of  the  roll-off  with  angle  is  evident,  probably  due 
to  the  slight  offset  of  the  spiral  center  from  the  cavity  center. 
(This  offset  resulted  because  the  center  conductor  of  the  input 
coaxial  line  was  connected  directly  to  one  arm  of  the  spiral, 
rather  than  to  the  geometric  center  of  the  antenna.) 

We  had  intended  to  build  a  matching  network  within  the 
center  post  of  the  cavity  to  match  the  antenna  impedance  to 
50  ohms  in  the  vicinity  of  the  4.5-GHz  design  frequency.  The 
antenna  impedance  (referred  to  the  plane  of  the  antenna)  is 
plotted  on  a  Smith  Chart  in  Figure  21.  When  viewed  as  a  function 
of  the  operating  frequency,  the  impedance  is  rather  widely 
"spread,"  indicating  that  a  complicated  matching  network  would 
be  required  to  transform  the  impedance  to  50  ohms  over  a  broad¬ 
band. 


4.  A.  Stratoti,  Sanders  Associates,  private  communication. 


Pattern  of  the  Tapered -Center- Post,  Cavity-Bocked  Spiral 


The  poor  impedance  behavior  and  the  pattern  asymmetry  led 
us  to  try  the  model  described  in  paragraph  3.4.5.  The  center 
post  proved  to  be  very  useful  as  a  matching  element,  and  a 
reasonable  pattern  was  obtained  at  the  same  time. 


3.4.5  The  Final,  Matched  Cavity-Backed  Spiral 

The  antenna  described  in  this  section  and  shown  in 
Figure  22  differed  from  the  one  described  in  the  previous 
section  in  two  important  respects.  First,  in  an  attempt  to 
remove  some  of  the  pattern  asymmetry  noted  with  the  earlier 
model,  we  offset  the  coaxial  drive  line  in  the  center  post  so 
that  the  spiral  could  be  centered  with  respect  to  the  cavity. 
Second,  the  capacitive  loading  provided  at  the  center  of  the 
antenna  by  the  center  post  was  made  much  heavier  by  eliminating 
the  bevel  entirely.  Later,  a  very  slight  bevel  (5°)  was  intro¬ 
duced  which  yielded  an  antenna  impedance  which  was  almost  con¬ 
stant  over  the  4.2  to  4.8  GHz  range.  It  was  then  a  relatively 
simple  matter  to  match  the  latter  impedance  to  50  ohms.  Our 
final  experimental  tests  yielded  a  VSWR  of  less  than  1.043 
over  the  4.0  to  4.6  GHz  range.  In  the  following  paragraphs  we 
will  describe  the  antenna  more  fully. 

Figure  23  is  a  detailed  drawing  of  the  antenna  cavity, 
complete  with  matching  network  and  beveled  center  post.  The 
cavity  diameter  is  3/4  wavelength  at  4.5  GHz,  and  the  depth 
is  1/4  wavelength.  Not  shown  are  the  antenna  itself  and  the 
resistive  terminating  washer.  The  antenna  is  fed  with  two 
0.018-inch  O.D.  pins  spaced  0.065-inch  apart.  One  pin  is 
grounded  to  the  cavity,  while  the  other  forms  the  center  con¬ 
ductor  of  the  0.056-inch  O.D.  coaxial  feed  line.  The  impedance 
is  kept  at  50  ohms  as  the  line  proceeds  through  two  increases 
in  diameter,  first  to  0.143-inch  O.D.  then  to  0.384-inch  O.D. 

A  section  of  15-ohm  (0.259-incb  I.D.)  line  1/4  wavelength  long 
at  4.5  GH"  follows,  then  1/4  wavelength  of  26.5-ohm  line 
(0.205-ii  oh  I.D.).  The  26.5-ohm  line  is  then  transformed  to 
50  ohms,  and  the  latter  line  enters  the  UG58A/U  connector. 

Before  the  matching  network  could  be  designed,  detailed 
data  on  the  cavity-mounted  antenna's  impedance  versus  frequency 
was  needed.  This  was  obtained  from  standing-wave  measurements 
at  the  UG58A/U  connector,  with  a  constant  impedance  50-ohm  line 
inside  the  cavity  center  post.  The  dat£  were  plotted  on  a 
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Smith  chart  and  referred  to  the  antenna  plane,  ignoring  the 
effects  of  the  discontinuities  caused  by  the  two  abrupt  diameter 
reductions.  Figure  24  shows  that  the  normalized  impedance 
Z(c o)  was  "spread"  rather  badly.  The  admittance,  however,  lies 
along  a  constant  conductance  contour,  ranging  from  0. 39+ j 0.44 
at  4.2  GHz  to  0.39+j0.28  at  4.8  GHz.  The  corresponding  shunt 
resistance  is  128  ohms,  compared  with  a  theoretical  value  of 
189  ohms  for  a  self-complementary  spiral  in  free  space.  Curiously, 
the  shunt  susceptance  decreases  with  frequency,  though  it  remains 
positive.  We  are  at  a  loss  to  interpret  this  behavior  in  terms 
of  a  lumped  model.  The  center  post  had  a  flat  top  for  these 
measurements,  so  that  considerable  capacitance  was  present  be¬ 
tween  the  antenna  arms  and  the  post.  We  believe  that  a  sort 
of  radial  transmission  line  was  formed,  with  an  abrupt  dis¬ 
continuity  at  the  post  edge.  The  effect  of  this  discontinuity 
was  reduced  by  beveling  the  top  of  the  post  at  the  5°  angle,  as 
shown  in  the  detailed  drawing.  Figure  23.  The  effect  of  this 
change  was  a  nearly  perfect  merging  of  all  the  normalized  ad¬ 
mittance  points  in  the  4.2  to  4.8  GHz  range  to  the  value  0.32  + 
jO.29,  the  equivalent  shunt  resistance  component  being  156  ohms. 

We  suspect  that  at  least  some  of  the  change  of  admittance  was 
due  to  unavoidable  differences  in  the  way  the  antenna  was  soldered 
on  to  the  terminals  in  the  two  sets  of  measurements. 

Figure  25  shows  the  antenna  impedance  group  plotted  on  a 
Smith  Chart  as  a  small  square  centered  at  1.75  -  jl.5.  The  next 
step  was  to  devise  a  broadband  matching  network  to  transform 
the  antenna  impedance  to  50  ohms.  For  ease  of  manufacture,  it 
was  decided  that  the  matching  would  be  accomplished  using  a 
cascade  of  lines  of  different  characteristic  impedances,  rather 
than  with  stubs.  Rotation  of  a  tightly  grouped  impedance  plot 
through  a  fixed  length  of  line  inevitably  spreads  out  the  plot, 
since  the  impedance  points  corresponding  to  higher  frequencies 
rotate  farther  than  those  at  the  low  end  of  the  band.  To 
achieve  a  truly  broadband  match,  the  spreading  must  be  compensated 
for  by  "inverting"  the  impedance  through  a  quarter-wave  line, 
so  that  further  rotation  will  tend  to  merge  the  impedance  points 
as  50  ohms  is  reached. 

The  steps  we  followed  are  sketched  on  the  Smith  Chart  of 
Figure  25.  Rotation  of  the  antenna  impedance  group  through  0.2 
wavelength  (at  4.5  GHz)  of  line  transformed  the  group  to  the 
real  axis  of  the  chart,  but  spread  the  points  so  that  the  4.2 
GHz  point  was  at  0.3  -  j0.075,  while  the  4.8-GHz  point  was  at 
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Figure  24.  Impedance  and  Admittance  of  the  Cavity-Backed  Sp 
Antenna  Prior  to  Matching 


0.3  +  j0.08.  These  points  were  transformed  to  their  complex 
conjugates  by  a  quarter-wave  rotation  through  a  line  of 
characteristic  impedance  0.3  (i.e.,  15  ohms).  Finally,  the 
impedance  was  rotated  through  a  quarter  wavelength  of  26.5-ohm 
line  to  the  50-ohm  center  of  the  chart.  The  "spreading"  of 
impedance  points  caused  by  the  final  rotation  was  just  sufficient 
to  bring  all  the  points  together  at  the  center  of  the  Smith 
Chart.  It  is  important  to  note  parenthetically  that  the  operation 
shown  on  the  Smith  Chart  of  Figure  25  could  not  all  be  accomplished 
on  one  chart  as  we  have  indicated,  because  three  different 
characteristic  impedances  were  involved.  The  points  resulting 
from  the  0.2 -wavelength  rotation  of  the  antenna  impedance  on  a 
50-ohm  chart  were  transferred  to  a  15-ohm  chart,  rotated  through 
a  quarter  wavelength  to  invert  the  impedance  spread,  then  trans¬ 
ferred  to  a  26.5-ohm  chart  and  rotated  to  50  ohms.  Needless  to 
say,  a  fair  amount  of  "cut  and  try"  was  necessary  to  choose 
both  the  configuration  and  the  line  lengths  and  impedances  used. 
This  would  undoubtedly  be  a  fertile  area  for  the  use  of  computer 
optimization  procedures,  if  such  procedures  could  be  devised. 

Measured  data  on  the  matched  equiangular  spiral  are 
presented  in  Figures  26  and  27  .  The  VSWR  is  less  than  1.043  over 
a  band  extending  from  4.0  GHz  to  4.6  GHz,  a  bandwidth  of  600 
MHz,  or  14  percent  of  the  4.3-GHz  center  frequency.  A  second 
antenna  was  built  to  test  the  reproducibility  of  these  results, 
and  to  permit  measurement  of  the  coupling  between  two  antennas 
as  a  function  of  frequency  and  separation.  The  second  antenna's 
impedance  is  plotted  in  Figure  28.  The  two  Smith  Chart  plots 
are  substantially  different  near  the  design  center  frequency 
of  4.5  GHz.  The  first  antenna  had  a  VSWR  of  1.015  there,  while 
the  second's  is  1.11.  At  4,3  GHz,  the  second  antenna's  VSWR 
is  1.035,  comparing  favorably  with  the  1.029  measured  on  the 
first  antenna.  It  should  be  noted  that  the  measurement  of  such 
small  VSWR's  is  subject  to  errors  because  of  residual  reflections 
in  the  slotted  line  and  connectors.  In  fact,  the  typical  VSWR 
of  a  pair  of  the  latest  type  N  connectors  is  1.08  at  5.0  GHz. 5 
In  general,  every  pair  of  connectors  will  behave  differently, 
and  even  the  same  pair  cannot  be  relied  upon  to  yield  the  same 
VSWR  consistently.  It  is  random  behavior  of  this  sort  which 
limits  the  gain  which  can  be  had  reproducibly  in  any  system  using 
reflection  amplifiers.  Quantitative  discussion  of  this  limitation 
is  presented,  in  paragraph  5.3. 


5.  General  Radio  Go.,  Catalog,  p.  78. 
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A  pattern  taken  with  the  matched  spiral  is  shown  in 
Figure  29  .  The  symmetry  and  circularity  are  somewhat  poorer 
than  obtained  in  Figure  20,  perhaps  due  to  the  proximity  of 
the  center  post  to  the  center  of  the  antenna.  Some  compromise 
is  evidently  necessary  between  pattern  and  impedance  match. 


3.5  MUTUAL  COUPLING  BETWEEN  CAVITY-BACKED  SPIRALS 
3.5.1  Qualitative  Theory 


The  mutual  coupling  between  any  two  antennas  can  theo¬ 
retically  be  calculated  exactly.  The  exac  ^technique  is  to  set 
up  an  integral  equation  for  the  tangential  E  field  at  any  point 

on  either  antenna  as  a  function  of  the  current  distributions  on 

A 

both  antennas.  By  setting  this  tangential  E  field  equal  to 

zero  (for  a  perfectly  conducting  antenna)  or  J/o  [current 
density/antenna  conductivity],  one  arrives  at  an  integral 

-i» 

equation  in  J  alone  which  can  be  solved  numerically  if  not 
analytically. * Once  the  currents  are  known  with  a  given 
driving  condition  the  mutual  impedance  can  be  derived  easily. 
This  calculation  has  been  performed  analytically  only  for  a 
very  few  simple  antennas.  King  has  performed  the  calculation 
for  dipoles  and  Vee  antennas  arbitrarily  oriented. (8)  Such 
calculation  has  never  been  done  for  any  antenna  as  complex  as 
an  equiangular  spiral  antenna. 


Since  the  E  field  at  a  distance  ' r'  along  a  ground  plane 

from  an  antenna  varies  as  3  [radiation  term],  (induction  or 

-i  r  -  &  - 

L  IT 

near  field  term]  or  —  [ground  wave  term],  the  mutual  coupling 

Vr 

should  vary  in  the  same  way.  Actually  this  is  approximately 
true  except  for  a  superimposed  resonant  behavior  that  causes 
the  coupling  to  vary  periodically  with  the  distance.  Combining 
all  of  these  effects  one  soon  realizes  that  for  a  complicated 
system  like  two  equiangular  spirals  in  a  ground  plane  the  only 
way  to  arrive  at  the  mutual  coupling  is  to  either  1)  Solve  the 
integral  equation  numerically,  (Very  difficult  to  set  up  and 
very  expensive  to  run.  It  could  involve  the  inversion  of  a  1000 
x  1000  matrix  for  this  case)  or  2)  Measure  the  coupling  experi¬ 
mentally,  which  we  did. 
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3.5.2  Experimental  Coupling  Measurements 


In  order  to  get  a  quantitative  idea  about  the  limitations 
on  Van  Atta  array  performance  imposed  by  mutual  coupling,  we 
performed  a  series  of  measurements  using  the  two  matched  antennas 
described  in  paragraph  3.4.5.  The  antennas  were  mounted  in  a 
series  of  two-hole  ground  planes,  and  the  coupling  between  them 
measured  as  a  function  of  frequency.  The  antenna  assembly  was 
pointed  into  a  microwave  anechoic  chamber  to  simulate  a  free- 
space  environment.  Figure  30  shows  the  antennas  at  their  minimum 
spacing  of  3  inches  center- to-center. 


The  measurements  were  carried  out  as  follows.  The  trans¬ 
mitting  antenna  was  fed  from  a  leveled,  frequency-swept  generator, 
and  a  sample  of  the  transmitted  wave  was  tapped  off  with  a 
directional  coupler.  The  signal  from  the  coupler  was  passed 
through  a  calibr:  ted  attenuator  and  applied  to  one  of  a  pair  of 
matched,  wideband  detectors  (HP423A) .  The  receiving  antenna 
was  connected  directly  to  the  other  detector.  The  two  detector 
output  voltages  were  subtracted  in  an  oscilloscope  differential 
amplifier,  and  the  attenuator  used  to  obtain  zero  output  at  each 
of  the  measurement  frequencies.  The  sum  of  the  attenuator 
reading  and  the  directional  coupler's  coupling  value  gave  the 
isolation  between  the  antennas.  The  quantity  measured  is  actually 


the  squared  magnitude  of  the  scattering  coefficient 


between 


the  transmitting  antenna  (port  1)  and  the  receiving  antenna 
(port  2),  as  the  following  argument  shows.  The  power  incident  on 


port  1,  or 


ignores  the  reflected  power 


,  is  sampled  by  the  directional  coupler  which 
2 
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nated  in  the  matched  detector,  which  senses 

2  i 

no  reflected  power  |  a0  |  ,  The  ratio  |b0|2/ 
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ni tion. 


and  generates 
^  is,  by  defi- 


S2^  .  If  desired,  the  transfer  impedance  Z2^(o>)  can 


be  calculated  from  S  (cu)  using  the  following  relationship,  valid 

JL 


for  any  matched  two  port  terminated  in  matched  leads  at  both 
ports : 


Z21(cr)  =  2RS21(cu) 
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Figure  30. 


Matched  Antennas  Mounted  for  Mutual-Coupling  Measurements 
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Extensive  data  were  taken  with  the  antenna  mounted  in 
plates  of  the  type  shown  in  Figure  30.  Four  different  center- 
to-center  spacings  were  used.  The  smallest  was  3  inches,  or 
1.14  wavelengths  at  4.5  GHz,  set  by  the  cavity  diameter.  De¬ 
noting  this  minimum  spacing  by  ’ d , 1  the  other  spacings  were  ^2d, 

2d,  and  -^5 d.  These  values  are  the  four  shortest  interantenna 
distances  in  an  array  where  the  antennas  are  located  on  a  grid 
of  squares  whose  edge  dimension  is  ’ d . ’ 

Figure  31  is  a  plot  of  the  isolation  between  two  antennas 
of  like  polarization  for  spacings  of  d  and  2d.  For  both  spacings 
the  variation  in  the  isolation  is  substantial  over  the  matched 
operating  band  of  the  antenna.  With  the  antennas  at  the  minimum 
spacing  1 d , f  the  isolation  ranges  from  32  dB  at  4.0  GHz  to  50  dB 
at  4.9  GHz.  The  data  for  twice  the  minimum  spacing  follows  a 
very  similar  trend  as  a  function  of  frequency.  At  4.0  GHz,  the 
isolation  is  39  dB,  while  at  4.9  GHz  it  is  56.5  dB.  In  the 
vicinity  of  the  4.5  GHz  design-center  frequency,  both  isolations 
vary  rapidly  indeed. 

Figure  32  shows  the  isolation  between  two  antennas  of  like 
polarization  over  the  range  3.0  to  5.0  GHz,  for  all  four  antenna 
separations.  Note  that  the  isolation  is  not  always  an  increasing 
function  of  spacing.  At  4.0  GHz,  the  isolation  at  a  separation 

of  yj2d  is  some  10  dB  higher  than  that  at  2d.  Near  4.5  GHz,  the 
isolation  at.  the  minimum  spacing  ' d 1  is  higher  than  it  is  at 

V2d. 


To  test  the  conjecture  that  antennas  of  opposite  polari¬ 
zations  should  exhibit  higher  isolations,  the  data  reported  in 
Figure  33  were  taken.  Contrary  to  expectation,  the  isolation 
values  for  the  cross -polar ized  case  follow  the  same  trend  as 
the  like-polarized  case,  and  the  isolation  values  are  nearly  the 
same.  No  clear-cut  advantage  for  the  cross-polarized  case  is 
evident;  in  fact,  at  4.0  GHz,  the  isolation  of  the  like-polarized 
antennas  is  higher  by  3.5  dB. 
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Figure  31 .  Isolation  Between  Two  Spirals  of  Like  Polarizations,  2.0  GHz  to  6.5  GHz 


Figure  33.  Isolation  Between  Spiral  Antennas  Having  Opposite  Polarizations 


SECTION  IV 


RADIATION  PROPERTIES  OF  ACTIVE  VAN  ATTA  ARRAYS 


4 . 1  INTRODUCTION 

The  Van  Atta  array  is  the  simplest  form  of  retrodirective 
array.  In  his  patent.  Van  Atta  shows  that  an  array  in  which 
antisymmetrically  located  elements  are  connected  by  equal-length 
transmission  lines  is  a  discrete  analog  of  the  well-known  corner 
reflector.'®)  The  array  absorbs  a  plane  wave  striking  it  from 
any  direction,  and  after  a  short  delay  retransmits  a  plane  wave 
back  in  the  incident  direction.  The  Van  Atta  array  is  thus  an 
elementary  "adaptive"  antenna  array. 

The  principle  which  gives  the  Van  Atta  array  its  retro- 
directive  property  can  be  explained  using  Figure  34.  The  fig¬ 
ure  shows  a  linear  Van  Atta  array  in  which  the  elements  are 
spaced  by  *  d 1  and  interconnected  by  cables  of  a  common  length 
'L. '  The  central  element  (0)  is  terminated  in  an  open-cir¬ 
cuited  cabie  of  length  L/2.  Inspection  of  Figure  34  shows  that 
the  propagation  delay  from  each  point  on  the  incident  wavefront 
to  the  conjugate  point  on  the  same  wavefront  is  constant.  Thus, 
the  delay  from  the  point  marked  (+1)  to  the  nearest  antenna 
element  is  25 /c,  the  cable  delay  is  L/c,  and  the  delay  from  the 
conjugate  antenna  element  to  the  wavefront  point  (-1)  is  46/c, 
for  a  total  delay  of  (66  +  L) /cvi  Exactly  the  same  delay  occurs 
between  points  (+2)  and  (-2),  (+3)  and  (-3),  and  (0),  (0).  This 
equality  of  propagation  delays  obtains  regardless  of  the  inci¬ 
dent  angle,  6,  so  that  the  array  acts  like  a  mirror  to  a  plane 
wave  arriving  from  any  direction.  The  above  plausibility  argu¬ 
ment  neglects  the  energy  scattered  by  the  antenna  elements. 

The  scattered  power  forms  a  specular  beam  at  (-6),  and  is  usu¬ 
ally  negligible  in  an  array  containing  high  gain,  matched  ampli¬ 
fiers. 

One  of  the  first  analyses  of  the  Van  Atta  array  was  done  by 
Sharp  and  DiabA1®)  They  studied  a  passive  array  using  dipoles 
as  elements,  and  calculated  its  radar  cross  section.  Their  re¬ 
sult  for  a  is  too  large  by  a  factor  of  two,  since  they  neglected 
scattering.  Davies  et.  a  1. have  written  a  good  review  paper 
in  which  they  discuss  acoustic  arrays,  circular  arrays,  and 
active  arrays  using  beam  steering  and  frequency  shifting.  Their 


main  contributions  to  array  theory  is  the  simplified  calcula¬ 
tion  they  present  for  the  pattern  of  a  Van  Atta  array.  A  spe¬ 
cial  issue  of  the  IEEE  Transactions  on  Antennas  and  Propagation 
was  devoted  to  adaptive  antennas,  and  contains  several  excellent 
papers  on  Van  Atta  arrays.  ( 

The  analysis  presented  in  paragraph  4.2  gives  a  derivation 
of  the  radar  cross  section  of  a  Van  Atta  array  employing  uni¬ 
lateral  amplifiers.  The  cross  section  is  shown  to  be  independent 
of  the  element-pair  arrangement  in  the  array  plane.  Paragraph  4.3 
considers  the  detailed  pattern  behavior  of  active  Van  Atta  arrays. 

A  general  linear  array  consisting  of  uniformly  spaced  ele¬ 
ments  interconnected  by  mismatched  bilateral  amplifiers  is 
studied  in  paragraph  4.3.1.  It  is  shown  that  the  pattern  of 
any  planar  array  can  be  calculated  using  an  equivalent  linear 
array.  The  results  of  this  analysis  are  specialized  to  various 
amplifier  types  of  interest  in  paragraph  4.4,  and  a  number  of 
computed  patterns  are  presented.  Finally,  paragraph  4.5  dis¬ 
cusses  the  use  of  advanced  array  theory  in  the  synthesis  of  Van 
Atta  arrays  for  special  purposes. 


4.2  CALCULATION  OF  THE  RADAR  CROSS  SECTION  OF  A  GENERAL 

VAN  ATTA  ARRAY 

In  this  section  we  calculate  the  radar  cross  section  of  a 
Van  Atta  array  consisting  of  N  pairs  of  identical  circularly- 
polarized  elements  interconnected  by  matched  unidirectional 
amplifiers  of  gain  A.  The  calculation  proceeds  in  several 
steps.  Paragraph  4.2.1  calculates  the  electric  field  E(  9,r) 
emitted  by  one  of  the  antenna  elements  when  it  is  used  as  a 
transmitter.  Paragraph  4.2.2  studies  the  same  antenna  used  as 
a  receiver.  The  results  of  these  two  sections  are  used  in 
paragraph  4.2.3  to  calculate  the  electric-field  return  ratio, 
or  "gain,"  of  the  Van  Atta  array  in  the  retrodirective  direction. 
Finally,  in  paragraph  4.2.4,  the  return  ratio  is  used  to  compute 
the  array's  radar  cross  section. 
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4.2.1  Calculation  of  E(  6, r)  for  a  Single  Antenna  Element 
Used  as  a  Transmitter 


An  antenna  whose  terminal  voltage  is  V  will  radiate  an 
electric  field  ]?(0,r)  whose  amplitude  varies  linearly  with  V, 
inversely  with  distance  r,  and  with  some  angular  dependence 
7(6),  thus: 


E(0,r)  |  =  ~  F(tf)C 


(1) 


For  simplicity,  the  pattern  will  be  assumed  to  vary  only  with  the 
polar  angle  6.  The  function  F( 9)  is  the  antenna's  voltage  pat¬ 
tern,  normalized  to  1  at  the  beam  peak.  The  quantities  E(  0,r) 
and  V  are  complex  amplitudes,  and  an  eJ^*  time  dependence  is 
understood. 

To  evaluate  the  dimensionless  constant  C,  the  total  power 
supplied  to  the  antenna  will  be  equated  to  the  total  power 
radiated.  The  radiated  power  Pr  is  computed  by  integrating  the 
normal  component  of  the  Poynting  vector  ?(  6, r)  over  a  sphere  of 
radius  r  centered  at  the  antenna: 


S(  0,r)  =  \  Re|E(  0,r)  x  H*(  0,r)  ]  (2) 

Zq  =  Impedance  of  free  space  =  377  ohms 


P  *  /  /  S(d,r)  •  ds  =  f  f  ^  o?r)  \  r2sin^d^d</> 

r  s  0  0  0 


=  f  f  ^2Z^j^2~c2  f2(^)  r2sin 0d 0d</> 
i..|2  r2  2ir  7T  , 

=  J  f  F^sineded^  (3) 

o  6 
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The  directivity  D  of  an  antenna  is  defined  as: 


4n  E 


277  77 


f  J"  |  E(  0,  0)  |  sin0d$d0  J  f  F*(  9)  sin0d0d0 


The  radiated  power  P^_  can  be  rewritten  in  terms  of  D,  thus; 


V  2c2 

Pr  “  ZqD  271 


The  average  power  P  supplied  to  the  terminals  of  the  antenna  is: 

s 


Ps  =  I  RetVI*l  "  2R 


In  writing  Eq.  (6)  we  have  assumed  that  the  antenna's  impedance 
is  real.  If  the  antenna  is  perfectly  efficient,  then  R  is  just 
the  radiation  resistance,  and  we  can  equate  the  power  supplied 
to  the  power  radiated: 


V  2  C2 


.  c  _  J VL 

•  C  ?4tt  R 


Thus,  the  magnitude  of  the  electric  field  E( 0,r)  radiated  from  a 
matched,  perfectly  efficient  antenna  is 
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(9) 


IvLEl 

r  7  47t  R 


f(  e) 


Equation  (9)  can  be  rewritten  in  a  more  convenient  form  using  the 
power  gain  function  G(  9)  : 


G(  9)  =  D  F2(  9) 


(10) 


|t(  9, r)  I  = 


'G(  9)  Z. 


4tt  R 


(11) 


4.2.2  Calculation  of  the  Terminal  Voltage  of  an  Antenna  Excited 

The  receiving  properties  of  the  antenna  studied  in  para¬ 
graph  4.2.1  are  now  investigated.  The  antenna  is  again  assumed 
to  be  100  percent  efficient,  and  matched  so  that  its  terminal 
impedance  is  identical  to  its  radiation  resistance  R.  In  addition, 
the  antenna  is  terminated  in  a  matched  load,  i.e.,  a  resistor  of 
value  R.  We  wish  J^o  calculate  the  terminal  voltage  V  caused  by 
an  electric  field  E( 0,r)  incident  on  the  antenna.  This  is  done 
by  equating  the  power  intercepted  by  the  antenna's  effective 
aperture  to  one-half  the  power  dissipated  in  the  resistor.  The 
other  half  of  the  incident  power  is,  of  course,  scattered. 

The  intercepted  power  is  given  by  the  surface  integral 
of  the  normal  component  of  the  Poynting  vector  t(r,9)  over  the 
effective  aperture  of  the  antenna,  thus: 
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p,  =  /  fs(e,r)  •  ds 
1  A 

eff 


f  r  1E(  e>r-) _ t 

l  l  2Z0  1 

eff 


i  dA 
r 


2Z 


0 


E.  (  6) 
inc  ' 


eff 


(12) 


The  received  power  delivered  to  the  load  resistor  is: 


p  ~  Ji  PpTVT*]  ~  M, 

Pr  -  2  RetVI  J  "  2R 


(13) 


Equating  half  the  intercepted  power  to  the  received  power  yields 
an  expression  for  the  magnitude  of  the  terminal  voltage: 


1 


2R  4Z, 


E.  (0) 
inc 


eff 


V  = 


E.  (  9) 
me '  ' 


/R  A 


eff 


2Z, 


(14) 


It  is  well  known  that  the  effective  area  of  an  antenna  in  a 
particular  direction  is  related  to  its  gain  in  that  direction, 
thus : 


4t t 


(15) 
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The  desired  expression  for  the  voltage  at  the  terminals  of  a 
matched  antenna  excited  by  an  incident  electric  field  ®inc(  0)  is 
obtained  by  substituting  Eq.  (15)  into  Eq,  (14). 


E.  (  9) 

incv  ' 


0 


(16) 


4.2.3  Elec  trie -Field  Return  Ratio  of  a  Van  Atta  Array 

The  results  of  the  two  previous  sections  will  now  be  used 
to  compute  the  electric-field  return  ratio  l?r(  0,r) /£$__(  0)  for  a 
typical  element  pair  in  a  Van  Atta  array.  The  return  ratio  for 
an  array  of  N  element  pairs  is  then  shown  to  be  simply  N  titles 
the  return  ratio  for  a  single  pair,  independent  of  the  arrangement 
of  the  conjugate  pairs  in  the  array. 

A  typical  conjugate  pair  in  a  Van  AttSTurray  consists  of  a 
receiving  antenna  element,  a  unidirectional  amplifier  whose  volt¬ 
age  gain  is  'A,'  and  a  transmitting  antenna.  It  is  assumed  that 
the  amplifier  and  interconnecting  transmission  line  constitute  a 
matched  load  for  the  receiving  antenna.  From  Eq.  (16)^  the  volt¬ 
age  applied  to  the  amplifier  input  due  to  an  electric  E^nc  (0) 
striking  the  receiving  antenna  is: 


jRfl  (XT) 


V  * 


E.  (  0) 

xnc'  ' 


This  voltage  is  amplified  by  A  and  applied  to  the  transmitting 
antenna,  which  in  turn  radiates  an  electric  field  E( 0,r)  given  by 
Eq.  ( 11)  : 


E(  0,r) 


r 


yj  4n  R 


(18) 
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If  the  receiving  and  transmitting  antennas  are  identical,  the 
electric-field  return  ratio  for  a  single  conjugate  pair  is: 


E(  fl.r)  =  AX  G(  6) 

E .  (  6 )  4jt  \l2  r 

me'  ’  v 


(single  pair) 


(19) 


The  conjugate  arrangement  of  antenna  elements  in  a  Van 
Atta  array  causes  all  of  the  transmitting  antennas  to  radiate  in 
phase  in  the  retrodirective  ( 6)  direction.  If  we  assume  identical 
antenna  elements,  antenna  orientations  ( 9 )  and  transmission-path 
delays,  then  an  array  of  N  element  pairs  will  have  a  return  ratio 
just  N  times  that  of  a  single  pair: 


E.  (  9) 
inc'  ’ 


_  A  N  X  G(  6) 
4  7r  r 


(N  -  pair  array) 


(20) 


Equation (20) tacitly  assumes  that  the  pattern  G(0)  for  an  isolated 
antenna  does  not  change  when  N  antennas  are  arrayed,  or  equivalently 
that  there  is  no  mutual  coupling  between  elements.  As  a  conse¬ 
quence.  the  gain  of  the  array  is  just  NG(0),  independent  of  spac¬ 
ing.  (20,21)  For  spacings  of  a  few  wavelengths,  however,  the  array 
gain  varies  with  spacing  in  a  complex  manner,  and  NG(6)  can  then 
be  regarded  only  as  an  approximation  to  the  actual  gain.''4 


4.2.4  Radar  Cross  Section  of  a  Van  Atta  Array 

The  radar  cross  section  a  of  a  Van  Atta  array  is  easily 
calculated  from  Eq.  (20)  for  the  elec  trie -field  return  ratio. 

The  hypothetical  scatterer  used  in  the  definition  of  radar  cross 
section  intercepts  a  power  |$inc!  Q  from  the  radar,  and  scatters 
i£  uniformly  in  all  diretions.  The  resulting  power  per  unit  area 
|Srec|  received  by  the  radar  is: 


1  _ 

S. 

s 

xnc 

_  «  £ 
47t  r 

j  rec 

(21) 
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(22) 


Therefore, 


For  the  Van  Atta  array,  the  ratio  of  the  two  power  densities  is 
given  by  the  square  of  the  elec trie -field  return  ration,  Eq.  (20) . 
Thus,  the  radar  cross  section  of  the  array  is: 


a 


A2  N2  A2  G2(  9) 
8tt 


(23) 


For  a  passive  Van  Atta  array.  Eq.  (23)  reduces  to  1/2  the  result 
obtained  by  Sharp  and  Diab.''*^  The  latter  authors  assumed  in 
their  derivation  that  all  of  the  intercepted  power  was  retro- 
directed,  which  is  incorrect.  Each  antenna  element  is  terminated 
in  a  matched  load  ( the  conjugate  antenna) ,  so  that  half  the  in¬ 
tercepted  power  is  lost  to  scattering. 


4.3  PATTERN  ANALYSIS  OF  ACTIVE  VAN  ATTA  ARRAYS 

In  this  section  the  problem  of  calculating  the  bistatic 
pattern  of  an  active  Van  Atta  array  is  considered.  A  linear, 
uniformly  spaced  array  employing  mismatched  bilateral  amplifiers 
is  studied  in  paragraph  4.3.1.  Patterns  are  derived  for  arrays 
having  both  even  and  odd  symmetry.  Paragraph  4.3.2  demonstrates 
how  the  linear  theory  can  be  used  for  two-dimensional  array  cal¬ 
culations.  Detailed  application  of  the  analytical  results  to 
specific  arrays  is  contained  in  paragraph  4.4. 


4.3.1  Pattern  Analysis  of  a  Linear  Van  Atta  Array  Using 
Bilateral  Amplifiers 

The  Van  Atta  array  to  be  studied  in  this  section  is  shown 
in  Figure  35.  The  array  elements  are  omnidirectional  radiators 
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Figure  35.  Bilateral  Van  Atta  Array 


spaced  uniformly  along  a  line.  Ac  the  center  of  each  of  the  in¬ 
terconnecting  cables  is  a  symmetrical,  bilateral  amplifying  device 
which  has  a  voltage  reflection  coefficient  Tat  each  port,  and  a 
voltage  cross -transmission  of  T  between  opposite  ports.  We  will 
first  derive  the  bistatic  pattern  for  an  array  using  identical 
amplifiers  whose  r  and  T  are  arbitrary,  then  specialize  the  re¬ 
sults  to  cover  several  cases  of  interest. 

Consider  a  plane  wave  incident  on  the  linear  array  from 
the  0'  direction  as  shown  in  Figure  35.  If  the  voltage  Vo1  in¬ 
duced  on  the  center  element  is  used  as  a  phase  reference,  then 
the  voltage  V’  on  the  nth  element  will  be: 


v’  _  v*  j2nird  sin0'  /X 
n  v0e 


(24) 


This  induced  voltage  travels  down  the  transmission  line  to  the 
amplifier.  A  portion  r  of  the  incident  wave  is  returned  to  the 
original  antenna,  while  a  portion  T  is  carried  to  the  conjugate 
antenna.  The  wave  striking  the  -nth  element  is  similarly  re¬ 
flected  and  transmitted  by  the  amplifier,  so  that  the  total  volt 
age  Vr  returned  to  the  nfc“  antenna  is: 


V 

n 


r  +  T  V*  e”j27rB/A 

n  -n 


(25) 


•  -j2*B/A 
0e 


.2n7rd 

JT_ 


sin  0' 


+  Te 


.2n?rd 


sin  0' 


(26) 


Equations  (25)  and  (26)  include  a  term  e  77  ^  to  account  for 
the  cable  delay.  Amplifier  delay  can  be  included  in  T  by  making 
it  complex. 

The  n1**1  antenna  radiates  into  space  an  electric  field  En 
whose  magnitude  is  proportional  to  the  applied  voltage  Vn.  If 
the  phase  of  the  electric  field  from  the  center  antenna  is  taken 
to  be  0  in  the  far  field,  then  the  E  field  due  to  the  nth  antenna 
is : 
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,2n7rd 

,  J-y  sin  0 

E  =  C  V  e 
n  n 


The  total  E  field  of  the  array  is  found  by  substituting 
Eq.  (26)  for  Vn  into  Eq.  (27)  and  summing  over  the  2N  +  1  antenna 
elements,  thus: 


i  j^y^<sln^  +  sin0') 

c  V0e  X  l  r  e  X 
n=-N 


^nffd,  .  .  .  ,.x 

j  “  (sm0  -  smf ) 


+  T  e 


If  the  constants  in  front  of  the  summation  sign  are  collected 
into  a  new  constant  C,  and  the  summation  performed,  we  have: 


E  =  cr 


sin  (2N+l)“(sin0  +  sin0') 

d*7T 

sin  -^-(sin0  +  sin0’) 


sin  ( 2N+1)  sin0  -  sin0') 
sin  -ysm0  -  sin0') 


+  CT 


Equation  (29)  can  be  written  more  compactly  as  follows: 


E  =  cr  -v11  +  CT  —  K'- 

sm  a  sm  b 


K  =  2N  +  1  =  total  number  of  elements 


a  =  ~{sin0  +  sin^') 


b  =  4^(  sin^ 


sin^') 


Equation  (30)  is  the  pattern  of  a  Van  Atta  array  containing  an 
odd  number  of  elements.  The  central  element  consists  of  a  single 
antenna  connected  via  a  cable  of  length  B/2  to  a  reflection  am¬ 
plifier  whose  reflection  coefficient  is  r  +  T. 

The  pattern  function  appropriate  for  an  array  composed  of 
an  even  number  of  elements  (no  central  element)  is  most  easily 
found  by  subtracting  the  patterns  of  tvro  arrays  containing  an  odd 
number  of  elements.  This  process  is  illustrated  diagrammatic ally 
in  Figure  36.  If  we  begin  with  an  odd  array  of  (2£-l)  elements 
spaced  by  d/2,  then  subtract  an  odd  array  composed  of  (£-1)  ele¬ 
ments  spaced  by  d  and  centered  at  the  same  point,  the  result  will 
be  an  even  array  of  £  elements  with  spacing  d.  These  steps  are 
carried  out  mathematically  in  Eq.  (31),  using  the  notation  of 
Eq.  (30)  : 


e  =  cr 


sinf  2f-l)  a/2] 
sin(a/2) 


sin[ ( £-1)  a] 
sin  a 


sinf  (  2£-l)  b/2 1  sinF (  £-1)  bl 
sin(b/2)  sin  b 


(31) 


4.3.2  Extension  of  Linear-Array  Theory  to  Planar  Arrays 

At  firs.t  sight,  the  problem  of  calculating  the  pattern  of 
a  planar  Van  Atta  array  seems  to  be  much  more  difficult  than  cal¬ 
culating  the  pattern  of  a  linear  array.  In  fact,  however,  the 


two-dimensional  problem  can  often  be  reduced  to  the  solution  of 
two  one -dimensional  array  problems. 

First,  consider  the  calculation  of  the  pattern  of  an  m  x  n- 
element  rectangular  array.  The  m  rows  of  n  elements  each  are 
assumed  to  be  identical  to  one  another,  as  are  the  n  columns  of 
'  m'  elements.  The  rows  are  assumed  to  be  perpendicular  to  the 
columns.  The  spacing  of  elements  need  not  be  uniform.  In  order 
to  evaluate  the  pattern  of  the  total  array,  we  observe  that  the 
rectangular  arrangement  of  m  n  antennas  can  be  treated  as  a  linear 
array  of  n  "elements,"  each  of  the  "elements"  being  itself  a  lin¬ 
ear  array  of  m  antennas.  The  "element  pattern"  Fm( 9, 0) ,  of  the 
m-element  array  is  written  in  the  usual  way  as  the  product  of  an 
m-term  array  factor  Fam(  0)  and  an  individual -antenna  element  pat¬ 
tern  Fe(  9,  0)  : 

Fm(M  -  Fam(^Fe{0'^  (32) 


where 


F  (0,0)  =  antenna  element  pattern 
e 


F  (0)  =  array  factor  in  the  0  plane  of  a  linear 

array  of  m  omnidirectional  radiators 


If  all  of  the  n  columns  of  m  elements  are  identical,  then  each  of 

the  columns  can  be  considered  to  be  an  element  of  a  linear  array 

lying  in  the  9  plane,  which  is  orthogonal  to  the  0  plane.  The 

appropriate  array  factor  is  then  an  n-term  sum  Fan(  6)  .  The  total 

rectangular -array  pattern  Ft(  0,  0)  is  given  by  the  product  of 

F„  (0)  and  the  "element  pattern"  F  (0,0)  : 
an  m  r 


Ft<M  =  Fm(^Fan(0) 

=  Fam(^)Fan(e)Fe(0’0)  Q-E.D.  (33) 
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The  above  calculation  applies  only  to  rectangular  arrays. 

If  the  array  does  not  have  this  two  dimensional  symmetry,  the 
pattern  in  any  one  plane  perpendicular  to  the  array  can  still  be 
calculated  from  linear  array  theory,  as  the  following  argument 
shows.  Consider  the  general  planar  array  shown  in  Figure  37(a) . 

It  is  desired  to  compute  the  pattern  of  this  array  in  the  0  plane, 
which  is  perpendicular  to  the  array  surface.  A  linear  array 
whose  far-field  pattern  in  the  0-plane  is  identical  to  the  array 
of  Figure  37(a)  is  shown  in  Figure  37(b) .  The  latter  array  was 
formed  by  moving  the  elements  of  the  planar  array  into  the  0~plane 
along  perpendiculars  to  the  0-plane.  The  latter  transformation 
clearly  does  not  affect  the  relative  far-field  phases  of  individ¬ 
ual  elements,  and  therefore  does  not  alter  the  0-plane  pattern. 
Note  that  a  different  equivalent  linear  array  will,  in  general, 
be  obtained  for  each  orientation  of  the  observation  plane,  requir¬ 
ing  a  separate  pattern  calculation  to  be  made. 

We  conclude  that  the  linear  array  theory  is  adequate  for 
the  treatment  of  planar  arrays,  at  least  in  the  usual  approxima¬ 
tion  where  mutual  coupling  effects  are  neglected. 


4.4  COMPUTED  ARRAY  PATTERNS  FOR  VARIOUS  AMPLIFIER  TYPES 

The  array-pattern  equations  derived  in  paragraph  4.3.1  apply 
to  a  generalized  bilateral-amplifier  interconnection  scheme.  In 
this  section,  these  analytical  results  are  specialized  to  various 
particular  cases  of  interest,  and  computed  patterns  are  presented. 
The  cases  studied  are  the  simple  passive  interconnection,  matched 
unilateral  and  bilateral  amplifier  connections,  the  independent 
scatterer  case,  and  various  forms  of  the  shunt-negative-conduc - 
tance  interconnection.  Each  of  these  interconnections  can  be 
described  by  assuming  appropriate  values  for  the  amplifier’s  re¬ 
flection  coefficient  T  and  transmission  coefficient  T.  From 
Eq.  (30) ,  the  voltage  pattern  of  a  Van  Atta  array  employing  a 
generalized  bilateral  interconnection  is: 


|e(  0,0*) 


t  sin  Ka  T  sin  Kb 

1  i  i  •  r 

sxn  a  sxn  b 


(34) 
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Figure  37,  Two  Arrays  with  Identical  Patterns  in  the  6-Plane 
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where 


a 


=  4~{sin0  + 


sin0’ ) 


b  =  s  in  0 


sin0' ) 


This  expression  for  E (0,0')  was  plotted  for  a  large  number  of 
special  cases  using  the  Applied  Research  Laboratory's  CDC-3200 
computer.  The  variables  used  and  their  ranges  were: 

0'  =  incident  angle  =  0°,  15°,  30°,  60° 

0  =  array  output  angle  =  -90°  to  +90°  in 
steps  of  2° 


K  =  total  number  of  transmitting  elements  =  3, 
5,  7,  11 


d  =  element  spacing  in  wavelengths  =  10,  1.25 
r  =  amplifier  reflection  coefficient 


T  =  amplifier  transmission  coefficient 


The  quantity  K  refers  to  the  number  of  active  transmitting  ele¬ 
ments.  K  is  odd  because  of  the  presence  of  a  central  element 
(see  Figure  35).  Even  arrays  are  handled  by  the  subtraction 
method  of  Eq.  (31) .  In  a  bilateral  array,  all  the  antennas  are 
used  for  both  receiving  and  transmitting,  so  that  the  total  number 
of  array  elements  is  equal  to  K;  for  a  unilateral  array  (inherently 
even) ,  the  total  number  of  antennas  is  2K. 
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Equation  ( 34)  was  plotted  in  a  normalized  form  sc  that  the 
maximum  value  on  each  graph  was  always  1.  If  desired  the  true 
peak  value  can  be  calculated  from  the  return-ratio  expression, 

Eq.  (20).  In  several  of  the  plots,  a  spurious  dip  occurs  at 
0'  =  <f)  *  0°  because  a  division  by  0  is  indicated  and  the  computer 
automatically  generates  an  output  of  2.  The  actual  peak  value 
can  be  ascertained  approximately  from  the  points  at  0  =  +2°.  The 
discontinuity  at  0°  provides  a  convenient  reference  point  for 
comparison  of  the  various  0'  =  0°  plots. 


4.4.1  Patterns  for  the  Passive  or  Matched -Amplifier  Inter- 
connection 


Three  important  types  of  Van  Atta  array  interconnection 
can  be  described  by  Eq.  (34)  if  r  =  0  and  T  =  A,  where  A  is  a 
constant.  The  case  of  a  matched,  passive  cable  interconnection 
of  conjugate  antennas  corresponds  to  T  =  0,  T  =  1.  If  a  matched, 
bilateral  amplifier  of  voltage  gain  G  is  inserted  in  the  cable, 
then  r  =  0  and  T  =  G.  Equation  ( 34)  was  derived  for  a  bilateral 
interconnection;  however,  it  applies  equally  well  to  the  case  of 
a  unilateral  array  with  twice  as  many  elements.  A  single  set  of 
normalized  plots  was  computed  from  the  following  form  of  Eq.  (34) : 


|e( 0,0’)  I 


sin  ^^(sin0  -  sin0') 
sin  -r-(sin0  •  sin0') 


(36) 


Figures  38  and  39  show  Eq.  (36)  plotted  for  incident  angles  0 ' 
varying  form  0°  to  60°,  with  the  total  number  of  transmitting 
elements  K  being  3,  5,  7,  and  11.  The  element  spacing  d  is  A. 

The  retrodirective  property  of  Van  Atta  arrays  is  evident  in  each 
plot,  since  0  -  <jt'  at  the  beam  peak.  The  true  peak  value  is  KT, 
obtained  by  taking  the  limit  of  Eq.  (36)  as  0  approaches  0' .  Note 
the  appearance  of  grating  lobes  at  large  angles  of  incidence,  as 
well  as  the  increased  directivity  of  the  array  as  the  number  of 
elements  is  increased.  Figure  40  and  41  show  the  effect  of  in¬ 
creasing  the  element  spacing  to  1.25  A.  The  main  beam  is  narrowed 
somewhat,  but  more  sidelobes  and  grating  lobes  appear. 
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4.4.2  Pattern  of  the  Independent  Scatterer  Case 


It  is  a  simple  matter  to  generate  the  pattern  of  an  active 
specular  reflector  by  setting  r  =  1  and  T  =  0  in  Eq.  (34)  : 


E  (0,0') 


sin  +  sin0') 

r — - 

sin  T£-(sin0  +  sin0') 


(37) 


An  active  specular  array  is  simply  an  array  of  independent  anten¬ 
nas,  each  of  which  is  terminated  in  a  reflection  amplifier  of 
gain  F.  The  computer  results  for  this  case  are  shown  in  Figure  42. 
The  plots  for  the  individual  scatterer  case  are  exact  mirror 
images  of  the  bidirectional  Van  Atta  case  treated  in  paragraph 
4.4.1,  and  similar  comments  apply  concerning  beamwidth,  side- 
lobes,  and  grating  lobes. 


4.4.3  Patterns  of  the  High  Gain  Shunt  Diode  Interconnection 

This  section  and  those  which  follow  deal  with  various  cases 
of  the  elementary  shunt -negative -conductance  interconnection 
originally  proposed  for  the  experimental  Van  Atta  array.  For  any 
shunt -amplifier  connection,  the  voltage  must  be  continuous  across 
the  junction  point,  so  that  we  have  the  following  relation  between 
T  and  T: 


T  =  1  +  r 


(38) 


It  is  computationally  convenient  to  consider  various  special 
cases.  For  high  levels  of  gain,  T  «  T,  and  Eq.  (34)  becomes: 


|e(0,0')I 


p  sin  Ka  sin  Kb 

1  sin  a  sin  b 
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where 


a  =  ^(sin0  +  sin0') 

b  =  ■y^sin^  -  sin0')  (39) 


Computed  patterns  for  the  high  gain  case  are  shown  in  Figures  43 
and  44.  For  large  numbers  of  elements,  K  =  7  and  K  =  11,  the 
patterns  exhibit  the  retrodirective  (b=0,  0=0')  and  specular 
(a=0,  0=-0')  peaks  which  are  predicted  from  the  qualitative 
theory.  This  desired  behavior  occurs  only  because  the  interfer¬ 
ence  of  the  two  terms  in  Eq.  (39)  is  negligible  in  the  vicinity 
of  the  two  peaks.  At  lower  values  of  K,  the  interaction  of  the 
two  terms  is  much  stronger.  For  K  =  3  it  is  very  difficult  to 
distinguish  the  two  peaks  except  at  large  angles  of  incidence. 

In  general  one  can  say  that  K  must  be  >  5  to  obtain  significant 
retrodirective  action.  These  results  are  for  an  odd  array,  that 
is,  an  array  of  (K-l) /2  antenna  pairs  with  their  associated  shunt 
amplifiers,  plus  a  single  central  antenna  terminated  in  a  reflec¬ 
tion  amplifier.  The  even-array  case  is  treated  in  paragraph  4.4.5. 


4.4.4  Patterns  for  the  Shunt  Amplifier  Interconnection  at 
Intermediate  Gains 


As  noted  in  paragraph  4.4.3,  the  condition  F  +  1  =  T  always 
holds  for  the  shunt-amplifier  interconnection,  regardless  of  gain. 
Two  extremes  have  already  been  already  been  treated,  namely  the 
passive  interconnection,  for  which  T  =  1  and  r  =  0,  and  the  high- 
gain  case,  where  T  «  T.  Between  these  two  cases  there  is  a  grad¬ 
ual  transition  between  the  purely  retrodirective  behavior  of  the 
passive  case  to  the  retrodirective-specular  behavior  of  the  high- 
gain  case.  For  the  intermediate-gain  case,  Eq.  (34)  becomes: 


E(  fl,  0) 


sin  Ka  ( .  ^  sin  Kb 
sin  a  +  '  +  ' sin  b 


(40) 
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Figures  45  and  46  show  the  effect  of  increasing  T  on  the  formation 
of  retrodirective  and  specular  peaks.  Equation  (40)  indicates 
that  the  magnitude  of  the  retrodirective  peak  should  be  propor¬ 
tional  to  1  +  r,  while  that  of  the  specular  peak  should  vary  as  r. 
As  r  increases  we  expect  to  see  the  specular  peak  gradually  in¬ 
crease  in  size  until  it  equals  the  retrodirective  peak.  For  low 
numbers  o:  elements  (K)  ,  however,  the  interaction  of  the.  two 
terns  in  Eq.  (40)  is  pronounced,  and  the  specular  peak  does  not 
appear.  For  K  =  11,  the  separation  between  retrodirective  and 
specular  peaks  is  very  clear. 

Figure  47  shows  the  effect  on  the  pattern  caused  by  varying 
the  incident  angle  0'  at  an  intermediate  value  of  T,  T  =  3.0.  The 
first  four  plots  are  for  an  element  separation  d  =  A,  and  the  next 
four  are  for  d  =1.25  A.  It  is  interesting  to  note  that  no  specu¬ 
lar  peak  is  formed  when  T  =  3.0  and  d  =  A.  Increasing  the  separa¬ 
tion  d  to  1.25  A  reduces  the  interaction  between  terms,  causing 
the  specular  beam  to  appear.  In  general,  the  width  of  the  main 
beam  is  decreased  by  increasing  any  or  all  of  the  quantities  T, 

<!>' ,  K,  or  d. 


4.4.5  Pattern  for  the  High  Gain  Shunt  Amplifier  Interconnection 
with  an  Even  Number  of  Elements 


In  this  section  we  calculate  the  pattern  for  the  array 
interconnection  originally  proposed,  namely  an  even  high-gain 
shunt-amplifier  array.  As  in  paragraph  4.4.3,  we  approximate  the 
high-gain  case  with  the  condition  T  =  T.  The  even  array  can  be 
handled  by  the  array-subtraction  technique  discussed  in  paragraph 
4.3.3,  Eq.  (31) .  However,  for  the  present  case  it  is  computation¬ 
ally  easier  to  modify  Eq.  (28)  and  invoke  the  condition  T  =  T. 

The  pattern  for  an  even  array  in  which  r  =  T  is  found  from 
Eq.  (28)  by  summing  over  the  odd-numbered  elements  and  factoring 
out  a  common  phase  factor,  thus: 


.2ttB 


E  = 


C  V0e 


r  E  . 

n=-N 
n  odd 


,rwd 

A 


+N  sin 0 


.nwd 


sin0' 


.nTrd 


sin0' 


+  e 


(41) 
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The  quantity  d  in  Eq.  (41)  has  been  redefined  as  twice  the  spacing 
in  the  original  array,  so  that  it  now  represents  the  even  array’s 
interelement  separation.  Equation  (41)  can  be  further  simplified 
by  collecting  the  constant  terms  in  a  new  constant  C,  and  combin¬ 
ing  the  exponentials,  thus: 


H-NjS^sin* 

*  c  2,e 

n=-N 


2  cos 


(42) 


Since  the  cosine  is  an  even  function  of  its  argument,  correspond- 
ing  positive  and  negative  terms  in  the  summation  can  be  combined. 
It  is  also  convenient  to  introduce  the  total  number  of  transmit¬ 
ting  elements  K: 


E  =  4C  £)cos^~  sin^cos^—~  sin^'j  (43) 

odd 


Patterns  computed  from  Eq.  (43)  are  shown  in  Figures  48  to  51. 

The  plots  are  normalized  for  each  value  of  K  to  the  largest  beam- 
peak  value  calculated  at  one  of  the  incoming  angles  0' . 

The  first  set  of  patterns.  Figure  48,  is  for  one  element 
pair,  or  K  =  2.  Equation  (43)  reduces  to: 


E  =  4C  cos 


sin  0’ 


(44) 


All  of  the  patterns  are  identical  in  form  as  0  is  varied.  The 
only  effect  produced  by  changing  the  incoming  angle  0'  is  a  change 
in  magnitude  of  the  pattern.  An  interesting  phenomenon  occurs  at 
=  30°.  Since  the  assumed  spacing  d  a  X,  the  second  term  van¬ 
ishes,  with  the  result  that  no  radiation  occurs  in  any  direction! 
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E  =  4C  cos[jt  sin0]cos[0  sin  30°]  =  0 


(45) 


Physically,  this  effect  results  because  the  voltage  wave  reflected 
back  to  a  given  antenna  is  exactly  180°  out  of  phase  with  the  wave 
applied  to  the  conjugate  antenna,  for  the  particular  0’  and  d 
chosen.  We  have,  of  course,  neglected  the  1  in  the  expression 
1  +  r  =  T  in  computing  these  patterns,  and  have  also  neglected  the 
scattered  power.  The  point  is  that  no  gain  is  realized  from  a 
single  element  pair  of  the  high-gain  shunt-amplifier  type  whenever 
d  sin^'  happens  to  be  X/2. 

The  second  set  of  curves.  Figure  49,  is  for  a  two-pair 
array,  i.e.,  K  =  4.  For  the  particular  spacing  chosen,  d  =  X, 
there  is  no  retrodirective  peak  for  an  incident  angle  <j>'  =  10°, 
but  a  peak  appears  when  6'  is  increased  to  60°.  Once  again  at 
0'  =  30°  the  returned  pattern  vanishes  for  all  output  angles  <j>, 
since  both  the  n  =  1  term  and  the  n  =  3  term  in  Eq.  (43)  are  zero. 
Because  of  the  periodicity  of  the  cosine  function,  <f> 1  =  30°  will 
be  a  "blind  angle"  for  an  even  array  of  interelement  spacing  d  =  X 
regardless  of  the  number  of  transmitting  elements  K,  as  shown  in 
the  computed  patterns  for  K  =  4,  8,  and  16  (Figures  49,  50,  and 
51)  . 


The  patterns  for  K  =  8  and  K  =  16  clearly  show  the  retro- 
directive  and  specular  beam  peaks  predicted  by  the  qualitative 
theory.  For  K  <  4,  however,  the  beams  interact  to  such  a  degree 
that  the  array  can  hardly  be  considered  retrodirective  at  all. 

It  is  instructive  to  determine  whether  or  not  an  even, 
high-gain  shunt -amplifier  array  can  be  made  which  does  not  have 
blind  angles.  From  Eq.  (43)  the  condition  for  the  array  pattern 
to  vanish  identically  is : 


cos 


mrd 

X 


sin^' 


=  0  for  n 


1,  3,  5 


(46) 


Vanishing  of  the  n  =  1  term  is  a  necessary  and  sufficient  condi¬ 
tion  for  all  terms  to  vanish,  so  that  Eq.  (46)  can  be  replaced  by: 
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cos 


it  d 
X 


77_d 

X 


sin0'J 
■  sin^’ 


=  0 


sin0' 


(47) 


If  there  are  to  be  no  blind  angles,  then  X  >  2d,  i.e.,  the  inter¬ 
element  separation  must  be  less  than  one-half  wavelength. 


4.4.6  Pattern  of  a  4  x  4  Square  Van  Atta  Array 

The  pattern  of  a  16-element  square  Van  Atta  array  of  the 
type  originally  proposed  can  be  found  very  easily  by  combining 
the  results  of  paragraphs  4.4  and  4.3.2.  Figure  52(a)  shows  a 
square-grid  arrangement  of  16  antennas,  together  with  the  conju¬ 
gate-element  interconnection.  Figure  52(b)  shows  a  linear  array 
equivalent  to  the  square  array  in  the  0-plane,  generated  by  moving 
the  various  antennas  into  the  0-plane  along  perpendiculars,  by  the 
method  of  paragraph  4.3.2.  The  equivalent  linear  array  consists 
of  two  pairs  of  elements  interconnected  via  amplifiers  having  a 
gain  of  4G,  where  G  is  the  gain  of  the  amplifiers  in  the  original 
4x4  array. 

Patterns  for  the  two-pair  equivalent  linear  array  were 
calculated  in  paragraph  4.4.  If  the  amplifiers  are  of  the  matched 
bidirectional  or  unidirectional  type,  the  appropriate  patterns  can 
be  calculated  by  the  subtraction  method  of  paragraph  4.3.1.  The 
patterns  for  the  high  gain  shunt-diode  amplifier  are  shown  in 
Figure  49.  The  latter  patterns  can  hardly  be  classed  as  "retro- 
directive,"  except  for  very  large  angles  of  incidence  .  Also 
evident  is  the  "blind  spot"  at  <j>'  =  30°. 


4.5  APPLICATION  OF  ADVANCED  ARRAY  THEORY  TO  VAN  ATTA  ARRAYS 

The  concepts  of  advanced  ray  theory  (beam  steering,  amplitude 
tapering,  beam  synthesis,  etc.)  can  be  applied  to  the  Van  Atta 
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array,  provided  some  care  is  taken  when  applying  these  concepts 
and  interpreting  the  results. 


4.5.1  Beam  Steering 

The  standard  method  of  steering  the  beam  of  an  array  is  to 
introduce  progressive  phase  shifts  into  the  transmitting  elements, 
according  to  the  formula, 


nd2?r 

A 


sin 


(48) 


j_  t_ 

where  A^  is  the  phase  shift  added  to  the  nLrL  element  to  produce 
a  beam  shift  of  Ad\.  This  is  a  straightforward  technique  that 
produces  only  a  small  change  in  gain.  In  applying  beam  steering 
to  the  Van  Atta  array  it  must  be  remembered  that  the  beam  is 
shifted  from  its  original  position,  i.e.,  the  beam  will  be  shifted 
from  the  retrodirective  direction  by  an  amount  A0^. 

Another  beam-steering  method  of  recent  interest  involves 
applying  equal  positive  and  negative  phase  shifts  to  two  conjugate 
antennas  in  a  large  array.  This  technique  is  useful  for  producing 
small  beam  shifts,  and  requires  only  two  phase  shifters  of  rela¬ 
tively  low  precision.  Recently,  we  have  derived  an  equation  for 
the  amount  of  beam  shift  in  such  an  array.  (13) 


A  sin 


3 

=  - q(  2m  -  l.)sin  A <p 

1  4irdtr  m 
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where 


m  =  element  pair  number  (1  <  m  <N/2) 

*  ■,  =  change  in  the  phase  of  the  m*"*1  element  pair 

N  =  ^  number  of  elements  in  the  array  N  >  5 

d  =  element  spacing  in  wavelengths 

A  sin  9 ^  =  resultant  shift  in  the  sine  of  the  main  beam 
■*'  angle  9 ^ 

As  an  application  of  single-element  beam  steering,  consider  a 
10-element  array  with  the  elements  spaced  by  one  wavelength. 
Shifting  the  phase  of  the  end  elements  by  +  90°  will  move  the 
beam  peak  about  1°, 


4.5.2  Amplitude  Tapering 

The  beam  shape  and  sidelobe  levels  of  a  conventional  phased 
array  are  controlled  by  varying  the  amplitude  of  the  signals  ap¬ 
plied  to  the  various  elements.  The  same  type  of  amplitude  taper¬ 
ing  can  be  accomplished  in  a  Van  Atta  array  through  changing  the 
gains  of  the  various  interconnecti.ng  amplifiers.  For  any  one 
angle  (measured  with  respect  to  the  array  normal)  it  is  possible 
to  design  tapered  distributions  to  optimize  various  performance 
criteria  (i.e..  Binomial,  Taylor,  Dolph-Chebyshev,  etc.).  However 
at  present  there  is  no  theory  available  for  designing  a  fixed  dis¬ 
tribution  for  minimizing  sidelobe  levels  over  a  range  of  beam 
angles.  In  a  conventional  phased  array  one  can  vary  the  amplitude 
distribution  according  to  the  scan  angle,  which  is  known  a  priori. 
Such  is,  of  course,  not  the  case  with  a  Van  Atta  array,  where  the 
incoming  angle  may  assume  any  value  whatever. 


4.5.3  Problems  Unique  to  the  Van  Atta  Array 

One  of  the  main  difficulties  with  the  theory  of  Van  Atta 
arrays  is  the  scattered  power.  The  wave  incident  on  the  array  has 


88 


f 


a 


at  best,  half  of  its  power  absorbed,  the. rest  being  reradiated. 
The  reradiated  portion  will  form  a  specular  beam  (mirror  imago 
beam)  of  the  following  form: 

S(  0}  =  A(  6 )  T(  0) 


where 


S(  9)  is  the  array  scattered  pattern 

A( 0)  is  the  array  pattern  pointing  in  the  mirror 
image  direction 

T(  9)  is  the  scattered  pattern  of  one  individual 
element 


A(  9)  is  a  well-known  calculable  function,  but  T(  9)  is 
known  only  for  a  very  few  cases.  It  should  be  emphasized  that 
T(  9)  is  not  equal  to  the  ordinary  element  radiation  pattern  be¬ 
cause  the  current  distribution  on  the  antenna  is  not  the  same  as 
it  would  be  if  the  antenna  were  driven  at  its  terminals.  Because 
of  this  difficulty  the  scattered  power  has  been  ignored  in  our 
calculations.  This  is  usually  a  valid  procedure  when  dealing  with 
active  Van  Atta  arrays,  since  the  active  pattern  will  be  greater 
than  the  scattered  pattern  by  the  gain  of  the  amplifier.  Some 
recent  work  by  Lewis'**’  discusses  a  method  of  disposing  of  the 
scattering  effect  by  interferometer  techniques. 
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Patterns  for  Passive  or  Matched-Amplifier  Interconnection 


Figure  45.  Patterns  for  the  Shunt  Diode  Connection  at  Intermediate  Gains  (  d  = 


Figure  50.  Patterns  for  the  High-Gain  Shunt  Diode  interconnection  (Even  Array,  4  Antenna  Paris, 


SECTION  V 


BILATERAL- AMPLIFIER  DESIGN  CONSIDERATIONS 


5.1  THE  SHUNT  NEGATIVE- CONDUCTANCE  AMPLIFIER 

Originally  it  was  proposed  that  the  active  Van  Atta  array 
utilize  amplifiers  consisting  of  a  single  biased  tunnel  diode 
shunting  the  interconnecting  transmission  line  at  its  midpoint. 

An  obvious  shortcoming  of  this  scheme  is  that  the  amplified 
output  wave  from  the  diode  is  applied  equally  to  both  antennas, 
regardless  of  the  direction  from  which  the  input  came,  so 
that  both  a  retrodirected  beam  and  a  specular  beam  are  formed 
by  the  array.  The  analysis  of  paragraph  4.4.5  revealed  some 
more  serious  difficulties,  namely  the  existence  of  "blind  angles" 
for  which  no  retrodirected  return  could  be  obtained,  and  very 
poor  beam  formation  and  pointing  in  arrays  containing  only  a 
few  elements.  Also,  the  gain-sensitivity  of  the  shunt-diode 
amplifier  is  poorer  than  that  of  other  types  of  bilateral 
amplifiers.  All  of  the  above  difficulties  are  caused  by  the 
severe  input  mismatch  of  the  shunt-diode  amplifier.  The  portion 
of  the  amplified  wave  from  the  tunnel  diode  which  is  returned 
to  the  input  antenna  is  wasted  as  far  as  the  retrodirected  beam 
is  concerned,  and  may  even  cancel  out  the  retrodirected  beam 
entirely  at  certain  angles.  These  effects  are  absent  in  the 
passive  Van  Atta  array,  where  the  antennas  are  matched  to  the 
transmission  line.  We  are  therefore  led  to  consider  various 
other  types  of  negative-conductance  amplifiers  which  are  bi¬ 
lateral  and  matched  at  the  input  and  output,  so  that  a  signal 
incident  on  one  antenna  will  be  amplified  and  conducted  to  the 
other  antenna  with  no  reflections  occuring  anywhere  along  the 
way. 


5.2  THE  IMPOSSIBILITY  OF  CONSTRUCTING  A  MATCHED  BILATERAL 
AMPLIFIER  USING  A  SINGLE  NEGATIVE  CONDUCTANCE 

The  simplest  type  of  bilateral  amplifier  for  the  inter¬ 
connecting  lines  of  the  Van  Atta  array  can  be  represented  as 
a  lossless,  reciprocal  3-port  network  with  one  of  the  ports 
terminated  in  a  tunnel  diode,  as  shown  in  Figure  53.  In  this 
section,  it  is  shown  that  if  ve  require  both  antenna  ports 
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to  be  matched,  then  it  is  not  possible  to  obtain  any  power 
gain  from  this  system  no  matter  how  much  inherent  gain  the 
amplifier  may  possess.  The  consequence  of  this  somewhat  sur¬ 
prising  result  is  that  there  exists  an  unavoidable  tradeoff  ! 

between  the  minimum  reflection  factor  (or  mismatch)  at  the 
antenna  ports  and  the  achievable  gain  of  the  active  array  element. 

The  basic  problem  we  are  considering  is  the  design  of  the 
physically  realizable  lossless  reciprocal  3-port  coupling  net¬ 
work  shown  schematically  in  Figure  53.  This  3-port  network 
interconnects  the  two  conjugate  antennas  with  a  bilateral  tunnel 
diode  reflection  amplifier.  An  equivalent  circuit  is  shown 
in  Figure  54,  in  which  the  parasitic  capacitance  of  the  tunnel 
diode  and  the  matching  network  are  incorporated  into  the  loss¬ 
less  3-port.  Let  the  3-port  be  represented  by  its  scattering 
matrix  defined  by 


11  S12  S13 

12  S22  S23 

C  *  C 

13  23  33 


Since  the  3-port  is  lossless,  the  matrix  £  must  be  unitary;  i.e., 
S  S*  =  1  (50) 


or 

S*  =  S'1  (51) 


where  the  asterisk  denotes  complex  conjugate  transpose  and  the 
superscript  "-1"  denotes  the  inverse. 

In  Figure  54,  a^  and  b^  represent,  respectively,  the  incident 
and  reflected  wave  at  the  i^  port  (i  =  1,  2,  3).  The  normaliz- 
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ing  numbers  used  in  defining  the  scattering  matrix  are  Ra  (the 
impedance  of  the  antenna,  assumed  to  be  real)  at  ports  1  and  2, 
and  R  (magnitude  of  the  negative  resistance  of  the  tunnel  diode) 
at  port  3. 

Using  this  normalization  scheme,  we  have  ~  0  and  b0  =  0. 
It  can  be  shown  that  the  transducer  power  gain  between  the  an¬ 
tenna  at  port  1  (the  source)  and  the  antenna  at  port  2  (the  load) 
is  given  by 


(52) 


Note  that  if  the  3-port  is  nonreciprocal  then  we  can  choose  (s^J 
and  |S33j  independently.  In  fact,  we  can  then  make  ISj^j  =  1  and 
the  gain  reduces  simply  to  Gt  =  jpj  ,  where  p  =  1/Sgg.  In  our 
present  problem,  the  3-port  is  cons  trained  to  be  reciprocal. 

As  stated  previously,  the  lossless  nature  of  the  reciprocal 
3-port  requires  that  the  matrix  of  Eq.  (49)  be  unitary.  This 
means  that  the  following  conditions  must  be  satisfied: 


Su 
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S12 
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S13 

S12 
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S22 
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S23 

S13 

2 

+ 

iS23 

2 

+ 

S33 

S11S12  +  S12S22  +  S13S23  “  0 


(53) 

(54) 

(55) 

(56) 
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(57) 


S 11S 13  +  S12S23  +  S13S33  " 
S  12^13  +  S22^23  +  S23^33  = 


(58) 


In  addition  to  these  unitary  conditions,  we  shall  require 
that  the  antenna  ports  1  and  2  be  matched  when  the  other  port 
is  terminated  in  the  antenna  impedance  Ra  and  port  3  is  termi¬ 
nated  in  -R.  This  means  that  the  input  reflection  factor  at 
ports  1  and  2  must  be  zero;  i.e., 


S 


ini 


(Port  1  matched) 


(59) 


and 


S 


in2 


(Port  2  matched) 


(60) 


It  can  be  shown  that  the  matched  condition  at  port  1,  Eq.  (59), 
together  with  the  fact  that  port  3  is  terminated  in  -R  yields 
the  condition 


S11S33  S13  _  ° 


(61) 


Furthermore,  invoking  Eq.  (51),  we  have 


( 


S11S33  '  S13) 


22  det  [S] 


(62) 
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Thus,  from  Eqs.  (61)  and  (62),  we  have  the  interesting  result 
that 


S22  ”  0 


(63) 


which  states  that  in  the  circuit  configuration  of  Figures  53  or 
54,  where  port  3  is  terminated  in  a  negative  resistance,  the 
requirement  of  a  match  at  port  1  results  in  being  identically 
equal  to  zero. 

Additional  conditions  are  derived  as  follows.  Taking  the 
sum  of  Eqs.  (53)  and  (55)  and  subtracting  Eq.  (54),  we  obtain 


'11 


+  2 


13 


33 


=  1 


From  Eq.  (61),  we  see  that|si(J^  -|SnSo-i 
result  into  Eq.  (64)  yields  ’  1 


(64) 


Substitution  of  this 


ij 

s  _ 

=  1  -  s  , 

- 

33 

11 

(65) 


Since,  from  Eq.  (63),  S^2  =  0,  Eq.  (56)  and  (58)  become 


S11S12  +  S13S23  "  0 


S12S13  +  S23S33  "  0 


From  these  two  relations,  we  find  that 


(66) 


(67) 
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(68) 


Taking  the  amplitude  of  this  equation,  we  have 


33 


12 


23 


11 


(69) 


From  Eq.  (69),  coupled  with  Eqs.  (54)  and  (65),  we  obtain 


and 


(70) 


(71) 


Combining  these  results,  we  have 


=  0 


(72) 


These  are  the  constraints  derived  for  a  physically  realizable 
lossless  reciprocal  3-port  with  port  1  matched  and  port  3 
terminated  in  -R.  An  interesting  consequence  of  the  condition 
contained  in  Eq.  (71)  is  that  the  transducer  power  gain  ex¬ 
pression,  Eq.  (52),  now  reduces  to 
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(73) 


G 


t 


An  analogous  derivation  by  imposing  the  condition  that 
port  2.  is.  matched  results  in  the  following  relations 


(74) 


From  Eqs.  (72),  (73),  and  (74),  we  see  that  the  simultaneous 
match  conditions  at  ports  1  and  2  result  in  Sji  =  S22  =  0  and 
|Sgg|  =  1,  or  Gt  =  1.  Thus,  we  arrive  at  the  following  inter¬ 
esting  conclusion: 

For  the  circuit  shown  in  Figure  53,  the  requirement  of 
simultaneous  match  at  the  antenna  ports  renders  the 
transducer  power  gain  to  be  identically  equal  to  unity 
(no  power  gain).  In  fact,  port  3,  at  which  the  reflection 
amplifier  is  connected,  is  completely  decoupled  from  the 
antennas . 

The  last  part  of  the  above  statement  can  be  shown  by  com¬ 
bining  conditions  (72)  and  (73).  We  have 


S 


0 


(75) 
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where 


1  and 


1 


(76) 


The  conclusion  stated  here  is  derived  by  imposing  only  the  sim¬ 
ultaneous  match  at  the  antenna  ports  and  the  realizability  con¬ 
ditions.  In  other  words,  we  can  make  the  conclusive  statement 
that:  No  physic ally  realizable  lossless  reciprocal  3-port 
exists  which  will  provide  match  at  the  antenna  ports  and  gain 
at  the  same  time. 

The  immediate  consequence  of  the  above  result  is  that  there 
is  an  inevitable  tradeoff  between  the  minimum  allowable  re¬ 
flection  factor  (or  mismatch)  at  the  antenna  ports  and  the 
achievable  gain  of  the  active  array  element.  The  synthesis 
problem  is  shown  in  Figure  55.  The  lossless  reciprocal  3-port 
is  constrained  to  be  symmetrical  with  respect  to  the  tunnel 
diode  reflection  amplifier  port.  Let  Sq  be  the  reflection 
factor  at  port  1  and  port  2.  We  have  the  relations  that 
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S11S33 


33 


(77) 


and 


_  S22S33  '  S23  _  q 

in2  =  S33  =  S0 


(78) 


In  addition. 
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(79) 
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TRANSDUCER  POWER  GAIN  G  = 


2 


S  =  REFLECTION  FACTOR  AT  PORT  I  (PORT  2)  WHEN 
0  PORT  2  (PORT  1)  IS  LOADED  BY  ANTENNA  IM¬ 
PEDANCE  AND  PORT  3  IS  TERMINATED  BY  THE 
TD  REFLECTION  AMPLIFIER  DENOTED  BY  SYMBOL  A. 


Figure  55.  Synthesis  Problem  of  the  Lossless  Reciprocal  3-Port  Coupling  Network 


With  a  prescribed  amount  of  allowable  mismatch  at  the  antenna 
ports  (prescribed  |  Sq |  ),  it  is  desired  to  design  a  physically 
realizable,  lossless  reciprocal  3-port  (symmetrical  with  respect 
to  port  3)  such  that  the  transducer  power  gain. 


G 


t 


(80) 


is  maximized. 

To  illustrate  the  procedure,  consider  a  specific  lossless 
reciprocal  3-port  defined  by 


12  2 
3  "3  "3 


2  2  1 

3  '3  3 


which  is  normalized  to  1  ohm  (R  )  at  each  of  the  three  ports. 
Under  a  change  of  normalization°with  port  3  normalized  to  r  = 
R/R-o  and  defining  the  reflection  coefficient 


r  = 


r  -  1 
r  +  1 


(82) 


the  scattering  matrix  under  this  set  of  normalizations  is  given 
by 
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5.3  ANALYTICAL  RESULTS  ON  THE  DESIGN  OF  BILATERAL  NEGATIVE 
RESISTANCE  AMPLIFIERS 

5.3.1  Introduccion 


This  section  presents  analytical  results  on  the  design  of 
bilateral  (bidirectional)  negative  resistance  amplifiers.  Three 
basic  configurations  for  this  class  of  reflection  amplifier 
using  one-port  negative  resistance  elements  are  considered; 
namely, 

1.  Direct-Coupled  (Figure  56) 

II.  Hybrid-Coupled  (Figure  57) 

III.  4-Port  Circulator-Coupled  (Figure  58) 

The  results  contained  in  this  section  are  applicable  to  any  one- 
port  negative  resistance  element  including  tunnel  diodes  and 
avalanche  diodes,  denoted  in  general  by  their  impedance  z^. 

The  important  common  feature  of  all  these  amplifier  con¬ 
figurations  is  their  bilateral  property;  i.e.,  the  input  and 
the  output  of  the  overall  negative  resistance  amplifier  are 
indistinguishable.  In  Figures  56,  57,  and  58,  the  symmetry 
of  the  input  and  output  port  and  the  interchangeability  of  their 
roles  is  clearly  evident.  Note  that  it  is  impossible  to  derive 
a  bilateral  amplifier  configuration  using  a  single  3-port  circula¬ 
tor  and  a  single  negative  resistance  element.  However,  this 
does  not  mean  that  nonreciprocal  coupling  networks  and/or  uni¬ 
lateral  2-port  active  devices  cannot  be  used  in  an  overall,  bi¬ 
lateral  amplifier;  for  example,  in  Figure  58  a  4-port  circulator 
and  two  negative  resistance  elements  are  used  to  obtain  the 
required  bilateral  property.  In  addition.  Figures  59  and  60 
show  bilateral  amplifiers  which  use  two  unilateral  2-port 
amplifiers  coupled  by  hybrids  and  circulators.  In  the  latter 
case,  both  nonreciprocal  coupling  networks  (circulators)  as  well 
as  unilateral  active  2-ports  are  used,  but  the  overall  amplifier 
is  indeed  bilateral  assuming  identical  active  devices. 

With  the  advent  of  transistor  amplifiers  in  the  low  micro- 
wave  frequency  range,  the  configurations  shown  in  Figures  59 
and  60  are  practical  realizations  of  the  bilateral  amplifier  in 
an  active  Van  Atta  array  in  which  all  the  elements  are  used  for 
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ANTENNA  *  1 


ANTENNA  *2 


Figure  56.  Direct-Coupled  Bilateral  Negative  Resistance  Amplifier 


Figure  58.  Bilateral  Amplifier  Using  a  Practical  4-Port  Circulator 
and  Two  Negative  Resistance  Amplifiers 


UNILATERAL 

AMPLIFIER 


Figure  60.  Bilateral  Amplifier  Using  Two  Circulators  and  Two  Unilateral  Amplifiers 
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both  transmitting  and  receiving.  These  two  configurations  have 
also  been  studied,  and  the  results  are  summarized  in  this  section. 

The  design  of  unilateral  (unidirectional)  negative  resis¬ 
tance  amplifiers  is  treated  in  the  next  section.  The  techniques 
used  in  the  design  of  both  bilateral  and  unilateral  amplifiers 
are  very  similar.  Except  for  the  simple  direct-coupled  case 
treated  in  paragraph  5.3.3,  a  unified  approach  using  an  equiva¬ 
lent  active  2-port  representation  is  employed  to  simplify  the 
derivations  as  well  as  to  provide  an  overall  insight  into  the 
inherent  properties  of  the  various  amplifier  configurations. 

As  a  starting  point,  we  shall  first  present  in  paragraph 
5.3.2  the  basic  properties  of  an  active  two-port.  These  results 
will  be  used  throughout  subsequent  sections.  It  should  be  noted 
that  the  mutual  coupling  among  the  antenna  elements  has  not  been 
taken  into  account  in  the  results  presented  in  paragraphs  5.3 
and  5.4.  The  effects  of  the  mutual  coupling  on  the  stability 
(and  gain)  of  the  active  Van  Atta  array  are  studied  in  Section  VI. 

The  usual  idealized  assumptions  on  the  source,  the  load, 
and  the  coupling  networks  are  not  used  in  this  work  so  that  the 
results  are  valid  under  very  general  and  practical  conditions. 

The  results  show  clearly  the  effects  of  mismatched  source,  mis¬ 
matched  load,  and  practical  hybrid  and  circulator  parameters  on 
the  performance  of  the  amplifiers.  It  is  shown  that  the  gain, 
bandwidth,  and  the  important  stability  conditions  are  all 
critically  dependent  on  these  parameters.  For  brevity,  most  of 
the  derivations  for  the  results  presented  here  will  be  omitted. 
Also  omitted  are  results  for  quarter-wave  coupled  and  reactive 
power-divider  coupled  bilateral  amplifiers. 
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5.3.2  Equivalent  Active  2-Port  Representation 

Consider  the  general  linear  nonreciprocal  2-port  shown 
in  Figure  61.  Let  a-)  and  a2  denote  the  incident  waves  and 
and  b2  the  reflected  waves  at  the  respective  ports,  and  let 
the  scattering  matrix  of  the  2-port  be  defined  with  respect  to 
some  convenient  positive  normalization  number  Rq,  at  both  ports 
1  and  2. 
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Figure  6J .  General  Linear  Active  2-Port  Network 
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Then 


The  ports  are  terminated  in  real  but  arbitrary  source  and  load 
impedances  and  the  reflection  factors  of  these  terminations  are 
represented  by  p^  and  P2,  which  are  again  normalized  to  Rg.  We 
now  proceed  to  derive  the  transducer  power  gain  of  the  general 
2-port  as  a  function  of  the  scattering  coefficients  and  the 
input  and  output  reflection  factors. 

The  transducer  power  gain  denoted  by  Gt(a>)  is  defined  to 
be  the  ratio  of  the  actual  power  dissipated  in  the  load  Pl  to 
the  maximum  available  power  from  the  source  P  .  Thus, 


Gt(«) 


(87) 


where  I2  is  the  current  through  the  load  and  the  other  quantities 
are  defined  in  Figure  61.  Defining  the  input  and  output  re¬ 
flection  factors,  respectively,  as 


R  ‘  Rn 

p  =  -S - 9, 

M1  R  +  Ra 

g  0 
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(88) 


(89) 
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then 


P 


L 


(90) 


and 


P 


M 


(91) 


Substitution  of  Eqs.  (90)  and  (91)  into  Eq.  (87)  yields 


Gt(co)  = 


(92) 


From  the  defining  equations  of  the  active  2-port  given  by 
Eq.  (86)  and  using  =  Pgbg,  we  ^ave 


al 


Plbl 
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(  1  “  PlAl)(X  '  p2S2z)  '  S12S21P1P2 


(93) 


Therefore,  the  general  transducer  power  gain  expression,  Eq. 
(92),  is  given  by 


c(;M 


1  ’  P1S11  "  P2S22  +  P1P2  det^ 


(94) 
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ie: 


det(S) 


A  A 
=  S11S22 


A  A 
S12S21 


(95) 


For  the  case  where  both  the  input  (source)  and  the  output 
(load)  are  perfectly  matched,  then  Eq.  (94)  reduces  simply  to 


Gt(u>) 


(Matched  Source  and  Load) 


(96) 


A  particularly  interesting  application  of  the  linear 
active  2-port  theory  is  the  absolute  stability  criterion.  It 
is  known  that  for  real  frequencies  a  linear  nonreciprocal  2-port 
is  absolutely  stable  (arbitrary  input  and  output  termination) 
if  and  only  if 
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det  (S) 


(99) 


In  addition, 

(S12  *  V 

passive. " 


it  is  known  that  if  the  2 -port  is  reciprocal 
then  it  is  absolutely  stable  if  and  only  if  it  is 


For  potential  stability,  the  denominator  of  Eq.  (94) 
must  not  be  equal  to  zero,  i.e.. 


1  - 


A 

P,s 


ril  "  p2s22 


PXP2  det(S) *  0 


(100) 


This  is  a  potential  stability  criterion  which  depends  explicitly 
on  the  input  and  output  mismatches-  A  sufficient  real-frequency 
condition  for  potential  stability  is  given  by 


*i®u 


A 

P2S22 


-  p1P2det(s)  <  1 


(101) 


The  results  contained  in  this  section  will  be  applied  to  the 
various  reflection  amplifier  configurations. 


5.3.3  Direct-Coupled  Case 

The  transducer  power  gain  for  the  direct-coupled  amplifier 
used  in  Figure  56  is  given  by 


\  (1  -  S2)(l  -  p)2 


i  +  r„ 


i  -  pr. 
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(102) 


where 


ZA  +  R< 


(103) 
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(105) 


_R1 

p  =  — 


R, 


R1  +  R0 


R  Rt 

R  =  -&—L- 
1  R  +  R. 
g  I 


Reference  is  made  to  Figure  56  in  which  the  function  z^  is  defined. 
The  quantity  Rq  is  an  arbitrary  positive  normalizing  impedance. 

The  factor  of  —  in  Eq.  (102)  accounts  for  the  inherent  6  dB 

loss  for  the  direct-coupled  configuration.  The  quantity  Tq  as 
defined  in  Eq.  (103)  is  the  reflection  coefficient  of  the  tunnel 
diode  reflection  amplifier  normalized  to  Rg.  The  parameter  'C, 
accounts  for  the  difference  between  the  two  antenna  impedances; 
i.e.,  it  is  a  measure  of  difference  of  R^  =  and  =  R^^ 

where  i,  j  =  1,  2  and  i  *  j.  The  parameter  p  accounts  for  the 
mismatch  of  the  antenna  impedance.  All  of  these  parameters  may 
be  functions  of  frequency. 

For  R  =  RT  =  R..T„  (assume  identical  antennas),  then  i°  =  0, 
g  L  ANT  v  b  ’ 

and  Eq.(102)  reduces  to 


Gt  =  \  (1  -  P)2 


1  +  ro 
1  -  pr0 


(106) 


where 
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RANT 
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rant 

2 


+  R, 


(107) 


Relations  (102)  and  (106)  show  explicitly  the  effects  of  antenna 
mismatch.  It  affects  both  the  gain  and  stability  of  the  amplifier 
and  must  be  taken  into  account.  For  stability,  the  denominator 
of  Eqs.  (102)  or  (106)  cannot  vanish  for  all  frequencies. 
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For  the  matched  case,  p  =  0  |  RAnt 


(106)  reduces  to 


=  2  Rq  ),  then  Eq. 


1  2 

G  =  1  +  Tq  (Matched  Case) 


(108) 
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For  the  high  gain  case,  Eq.  (106)  can  be  approximated  by 


i'1 


i  -  pr„ 


(High  Gain  Case) 


(109) 


Finally,  for  the  case  of  matched  antennas  and  high  gain,  we  have 


1  2 

Gt  =  Fq  (Matched  and  High  Gain  Case) 


(110) 


5-3.4  Hybrid-Coupled  Bilateral  Amplifiers 

For  the  hybrid-coupled  bilateral  amplifier  shown  in 
Figure  59,  the  nonideal  quadrature  hybrid  is  defined  in  terms 
of  its  scattering  parameters  normalized  with  Rq  at  all  of  its 
ports.  We  have 
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and  6 ^ >  which 

may  all  be  functions  of  frequency,  give  a  measure  of  the 
characteristics  of  the  nonideal  quadrature  hybrid.  The  para¬ 
meter  y  is  the  reflection  coefficient,  and  j3  is  a  measure  of 
the  isolation.  Parameters  and  o£  are  measures  of  the 
forward  insertion  loss.  Finally,  0^  and  02  are  measures  of  the 
nonideal  phase  quadrature. 

For  an  ideal  quadrature  hybrid,  these  parameters  attain 
their  limiting  values  given  by 


In  Eq.  (Ill),  the  parameters  yf  0,  a otj,  9^, 


y  -  0  (Perfectly  matched) 
0=0  (Infinite  isolation) 


c«i  =  <Xj,  =  1  (Ideal  3-dB  power  division) 
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1 


(Ideal  phase  quadrature) 
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In  Figure  57,  1^  and  are  defined  as  the  reflection 
factors  at  port  3  and  4,  respectively;  i.e.. 
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..  ,  are  negative  in  the  frequency 

L  "  J  L  A  J 

and  of  interest,  the  magnitudes  of  I^  and  1^  are  greater  than 

nity. 
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( c ) 

Partitioning  the  matrix  S  '  into  2x2  submatrices  as 
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and  defining  the  diagonal  matrix 

r=  diag  [r3,  r4] 


(lie) 


then  it  can  be  shown  that  the  scattering  matrix  of  the  equivalent 
active  2 -port  is  given  by 


S  -  S  +  S 

-  "  -n  +  -12 


£ 1  -  -22 
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-1  s  (c) 
-21 


(117) 


where  the  superscript  "-1"  denotes  the  inverse  of  the  matrix. 

Identifying  Eq.  (Ill)  with  Eq.  (115)  and  substituting  into 
Eq.  (117)  we  obtain  i 
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where 
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-  p2)r3r4 


(121) 


Finally,  substitution  of  Eqs.  (118)  -  (121)  into 
Eq.  (94)  gives  the  transducer  power  gain  of  the  hybrid- 
coupled  bilateral  negative  resistance  amplifier.  Note  that 
since  the  equivalent  active  2-port  in  reciprocal,  the  hybrid- 
coupled  amplifier  cannot  be  absolutely  stable.  For  given  input 
and  output  mismatches,  substitution  of  Eqs.  (118)  -  (121)  into 
Eq.  (101)  results  in  a  sufficient  condition  for  potential 
stability  of  the  device. 

Note  that  p^  and  p 2  (which  are  measures  of  the  antenna 
mismatches)  and  all  the  hybrid  parameters  significantly  affect 
both  the  gain  and  the  stability  of  the  device.  The  performance 
of  the  device  is  also  dependent  on  whether  the  negative  re¬ 
sistance  amplifiers  ( 1^  and  j  are  identical  or  not. 


5.3.4. 1  Ideal  Hybrid,  Mismatched  Source  and  Load 

For  an  ideal  quadrature  hybrid  defined  by  Eq .  (112), 
Eqs.  (118)  -(121)  reduce  to 


a  a  1  / 
S11  =  S22  =  2  (r4 
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S12  "  S21  “  “2  (r3  +  r4) 

and  the  transducer  power  gain  is  given  by  Eq.  (94)  as 


°c(“)  = 


1 

4 

r3  +  r4 

2(1  - 

Pil2)!1  - 

p2 

2) 

1 

L  *  2 

(P1  +  p2) 

(r4  - 

r3)  "  P1P2 

„  ^  „  2 
r2r3r4 

(122) 


This  expression  isolates  the  effects  of  input  and  output  mis¬ 
match  as  well  as  the  fact  that  the  two  negative  resistance 
elements  (ig  and  r4)  are  not  identical.  If,  in  addition,  and 
r4  are  assumed  to  be  identical  /TU  =  =  Tq|  ,  then 


Gt(w)  = 


ir  i 

i  01 

i2( 

1  " 

pi 

i!» 

l1  " 

hi2) 

i  - 

pi- 

p2 

ro2 

2 

(123) 


A  sufficient  stability  condition  for  this  case  is  expressed  by 


plP2r0  <  1 


(124) 


5. 3. 4.2  Practical  Hybrid,  Matched  Source  and  Load 

For  perfectly  matched  source  and  load,  the  transducer 
power  gain  is  given  by 


GtM  = 


(  “la2 |eJ(ei+02)  I1  -  I'Ll  -  I1  '  rI4) 

a  J  '  gr3r4  (g2  eJI?2  *  “l  ej81)  I 

I 


(125) 
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This  expression  shows  only  the  effects  of  the  nonideal  hybrid. 
Note  that  the  hybrid  parameters  y  and  0,  which  give  measure 
of  matching  and  isolation,  respectively,  are  important  in  the 
gain  expression  as  well  as  in  the  stability  property  of  the 
amplifier.  For  IL  =  I\  =  Ifo,  the  sufficient  condition  for 
stability  given  by  Eq.  (101)  becomes 


2vr0 


(126) 


5. 3. 4. 3  Ideal  Hybrid,  Matched  Source  and  Load 


For  an  ideal  hybrid  and  matched  source  and  load,  the 
transducer  power  gain  is  given  by 

Gt=7|r3+r4|2  <127> 

If,  in  addition,  =  1^,  then 


G 


t 


(128) 


This  final,  highly  idealized  result  is  the  one  usually  used  in 
the  literature. 


5.3.5  Circulator-Coupled  Bilateral  Amplifiers 

A  practical  4-port  circulator  can  be  expressed  in  terms 
of  its  scattering  matrix  as 
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(129) 


where  y,  ,8's  and  cy's  represent,  respectively,  the  reflection 
coefficient,  the  isolation,  and  the  forward  insertion  loss 
parameters.  In  addition,  the  parameter  rj  is  the  coupling 
coefficient  of  the  symmetrically  located  ports. 

For  an  ideal  4-port  circulator,  these  parameters  attain 
their  limiting  parameters  as  follows: 


y  =  0  (Perfectly  matched) 

0.  =  ft,  =0  (Infinite  isolation) 

(130) 

=  ol  =  1  (Lossless) 
r]  =  0  (Perfectly  decoupled) 


In  Figure  58,  X’g  and  T4  are  defined  as  in  Eqs.  (113)  and 
(114).  Using  the  same  procedure  presented  in  paragraph  5.3.4, 
we  can  derive  the  scattering  parameters  of  the  equivalent  active 
2-port  as 


137 


22 
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r  +  v  a* 


+  13, 


“l(n  ‘  y)  + 


(132) 


S12  V  +  Afl 


^(r:  -  y)  +  n]  +  °ik (£  '  r) +  ’’Jl  (133) 
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=  1 +  ' r) +  ^2] +  piK(n  - y)  -  n 


(134) 


where 


A  s 


r3r4 


(135) 


Substitution  of  the  relations  (131)  to  (135)  into  Eq. 
(94)  yields  the  transducer  power  gain  of  the  4-port  circulator- 
coupled  bilateral  negative  resistance  amplifier.  Note  that  the 
equivalent  active  2-port  is  nonreciprocal  if  IL  #  r^.  For  this 

A  A 

configuration  to  be  truly  bilateral,  we  require  S-^  =  S21J  i.e., 
I3  =  I4.  This  condition  will  not  be  imposed  at  the  outset  so 
that  the  effect  of  this  condition  on  the  device  characteristics 
is  made  evident. 


5.3.5. 1  Ideal  4-Port  Circulator,  Mismatched  Source  and  Load 

For  an  ideal  4-port  circulator  defined  by  Eq.  (130), 
then  Eqs.  (131)  -  (135)  simplify  to 
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and  the  transducer  power  gain  from  antenna  no.  1  to  antenna  no.. 
2  is  given  by  Eq.  (94)  as 


(2-1) 


r3 

V  -hi 

2)(l  - 

hi2) 

1  -  PLP 

r  r 

2  3  41 

2 

(137) 


Note  that  because  of  the  presence  of  the  source  and 
load  mismatches,  the  negative  resistance  amplifier  at  port  4  is 
coupled  into  the  system  (see  Figure  58)  and  it  affects  both 
the  gain  and  the  stability  of  the  device.  Comparing  Eq„  (137) 
with  Eq.  (123),  note  the  presence  of  the  extra  term  in  the 
denominator  of  Eq.  (123).  If  the  two  negative  resistance 
amplifiers  are  not  identical,  ( *  I4  ),  then  this  term  will 
make  the  gain  sensitivity  and  stability  more  critical  for  the 
hybrid-coupled  configuration,  as  compared  to  the  4-port  circulator 
coupled  configuration.  The  effect  of  nonidentical  negative 
resistance  elements  is  manifested  in  the  bilateral  property 
of  the  overall  amplifier.  This  is  shown  by  comparing  Eq.  (137) 
with  the  transducer  power  gain  from  antenna  no.  2  to  antenna 
no.  1  given  by 
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2\  /• 

pii  )( 


plp2r3r4 


(138) 


If  the  negative  resistance  elements  are  not  identical,  then  the 
two  transducer  power  gain  expressions  are  not  exactly  the  same. 
However,  stability  of  the  device  is  not  affected. 


If  r3  =  r4  =  Iq,  then  Eqs .  (137)  and  (138)  are  identically 


given  by 


lro!2 
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>ro2l 
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(139) 


which  is  the  same  as  Eq.  (123)  for  the  ideal  hybrid  and  I*  =  r4  = 
Fq  case,  and  the  stability  condition  contained  in  Eq.  (124)  also 
applies . 


5. 3. 5.2  Practical  4-Port  Circulator,  Matched  Source  and  Load 

For  perfectly  matched  sourced  and  load,  the  transducer 
power  gain  expressions  are  given  by 


!\  2» 

asKl1-^)*  pft8r>r4|+  n«xr3rj 

M^4)+(/-,2)r3r4 


(140) 


(2-1)  ,0  |2  (<%[“l(1",'r4)+  ’!^2r3I4]+  ^l[(32(1'yr3)+1,‘1'lr3r4j) 

(  ‘■I'lwIl't'W  ) 

(141) 

Again,  these  two  expressions  are  equal  if  ^3  =  ^4  =  Iq*  For  this 
case,  the  stability  condition  is  given  by 


2rr0 -(r2  -  i|2)r02  <1 


(142) 
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5.3. 5.3  Ideal  4-Port  Circulator,  Matched  Source  and  Load 

The  transducer  power  gain  from  antenna  no.  1  to  antenna 

no.  2  is 


(1-2) 


(143) 


A  similar  development  for  the  gain  from  antenna  no.  2  to  antenna 
no.  1  yields 


(2-1) 


(144) 


These  results  should  be  compared  with  Eq.  (122)  for  the  corres¬ 
ponding  ideal  hybrid-coupled  case.  If,  in  addition,  =  F.  = 
then  Eqs.  (143)  and  (144)  reduce  to 


(1-2)  (2-1)  .  2 
t  '  Gt  -|rG 


(145) 


Detailed  comparisons  have  been  made  of  the  results  for  the 
three  basic  bilateral  amplifier  configurations  considered  so  far  in 
this  section.  The  following  conclusions  can  be  made: 

1.  There  is  an  inherent  6-aB  loss  in  the  direct-coupled 
case. 

2.  The  input  and  output  mismatches  and  the  parameters  of 
the  coupling  networks  significantly  affect  all  the 
performance  measures  of  the  overall  amplifier.  Most 
important  of  these  are  the  gain,  the  gain  sensitivity, 
and  the  stability.  Even  without  taking  antenna  mutual 
coupling  into  account,  stability  of  the  bilateral 
amplifier  is  severly  limited  by  mismatches  and 
coupling  network  parameters. 
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3.  For  a  prescribed  gain  and  given  antenna  mismatch, 
the  gain  sensitivity  and  stability  of  the  direct- 
coupled  case  are  inferior  to  the  hybrid-coupled 
and  the  4-port  circulator-coupled  cases. 

4.  Since  we  are  considering  the  bilateral  configuration, 
there  is  no  inherent  stability  advantage  of  the 
4-port  circulator-coupled  configuration  over  the 
hybrid-coupled  configuration.  The  circulator-coupled 
is  better  with  respect  to  the  effects  of  the  non¬ 
identical  negative  resistance  amplifiers.  It  has 
been  shown  that  the  stability  of  the  hybrid  case 

is  affected;  whereas  for  the  circulator  case,  only 
the  bilateral  property  is  affected. 

5.  For  both  the  hybrid-  and  4-port  circulator-coupled 
cases,  the  most  significant  nonideal  parameter  is  the 
reflection  coefficient  y.  Since  presently  available 
circulators  exhibit  larger  mismatches  than  hybrids, 
this  consideration  will  favor  the  hybrid-coupled 
case. 

6.  To  point  out  the  importance  of  the  effects  of  the 
mismatch  of  both  the  antenna  and  the  coupling  network, 
it  can  be  shown  that  assuming  an  amplifier  gain  of 

20  dB  and  antenna  and  hybrid  mismatch  of  VSWR  of 
1.05,  a  variation  of  the  negative  resistance  value 
of  10  percent  will  render  the  device  unstable  at  the 
operating  frequency. 

7.  The  expressions  presented  here  are  functions  of 
frequency.  Each  of  the  stability  conditions  must  be 
checked  not  only  in  the  passband  of  the  amplifier 
but  also  for  all  frequencies  up  to  the  resistive 
cutoff  frequency  of  the  tunnel  diode. 


5.3.6  A  Class  of  Bilateral  Amplifiers  Using  Hybrid-  and 
Circulator-Coupled  2-Port  Unilateral  Amplifiers 

A  class  of  bilateral  amplifiers  using  hybrid-  and  circulator 
coupled  2-port  unilateral  amplifiers  has  also  been  analyzed.  This 
particular  class  of  bilateral  amplifier  is  well  known  at  low 
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frequencies  and  is  used  in  two-way  repeater  telephone  circuits. 
The  basic  active  building  blocks  for  this  class  of  bilateral 
amplifiers  are  2-port  unilateral  amplifiers  such  as  TWT's  or 
microwave  transistor  amplifiers  which  are  presently  available 
up  to  S-band  frequencies. 

Two  of  the  basic  configurations  studied  are  shown  in 
Figures  59  and  60.  Practical  models  of  the  coupling  networks 
and  the  unilateral  amplifiers  have  been  used  in  the  analysis. 
Results  obtained,  however,  are  rather  involved,  in  general,  and 
will  not  be  presented.  For  a  special  case  in  which  the  circu¬ 
lators  in  Figure  60  are  assumed  to  be  ideal,  we  have 
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where  and 

unilateral  amplifiers  A, 


are  the  scattering  parameters  of  the 
and  Ag,  respectively. 


If,  in  addition,  the  source  and  the  load  are  matched,  then 


(1-2) 
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(147) 


(148) 


These  results  are  similar  to  those  presented  previously  on  negative 
resistance  bilateral  amplifiers.  For  the  corresponding  ideal 
hybrid-coupled  configuration  shown  in  Figure  59,  there  is  a  6-dB 
reduction  in  the  transducer  power  gain  expressions. 
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5.4  ANALYTICAL  RESULTS  ON  VARIOUS  TYPES  OF  UNILATERAL  NEGATIVE 
RESISTANCE  AMPLIFIERS 

5.4.1  Introduction 


In  this  section,  some  results  on  the  design  of  unilateral 
(unidirectional)  negative  resistance  amplifiers  are  presented. 

As  applied  to  the  active  Van  Atta  array  in  the  unilateral  con¬ 
figuration,  only  half  of  the  antenna  elements  are  used  for 
transmitting,  while  the  conjugate  elements  are  used  for  receiving. 
If  the  unilateral  2-port  amplifiers  are  available,  then  no 
coupling  network  is  needed  and  the  realization  is  merely  that 
shown  in  Figure  61  in  which  antenna  no.  1  (receiving)  is  connected 
to  port  1  and  antenna  no.  2  (transmitting)  is  connected  to  port 
2.  The  scattering  parameters  are  then  those  associated  with 
the  actual  active  2-port  such  as  a  microwave  transistor.  Results 
are  identical  to  those  presented  in  paragraph  5.3.2.  On  the 
other  hand,  at  frequencies  above  S-band,  negative  resistance 
elements  such  as  tunnel  diodes  or  avalanche  diode  amplifiers  are 
needed  together  with  some  coupling  network  to  realize  the 
unilateral  amplifier. 

Three  basic  configurations  of  this  class  of  unilateral 
amplifier  using  negative  resistance  elements  are  considered; 
namely, 

I.  Hybrid -Coupled  Configuration  with  Isolator 

II.  3-Port  Circulator-Coupled  (Figure  62) 

III.  4-Port  Circulator-Coupled  (Figure  63) 

The  hybrid- coupled  configuration  has  already  been  studied 
in  paragraph  5.3.4.  The  only  distinction  here  is  that  an  isolator 
(or  one-way  line)  is  inserted  in  front  of  the  load  at  port  2  of 
Figure  57.  The  results  are  contained  in  Eqs.  (118)  to  (128) 
except  that  now  with  the  isolator,  will  equal  zero  in  the 
ideal  case  and  the  device  is  absolutely  stable  under  matched 
and  ideal  hybrid  and  isolator  conditions. 


5.4.2  3-Port  Circulator-Coupled  Unilateral  Amplifier 

A  practical  3-port  circulator  can  be  represented  in  terms 
of  its  scattering  matrix  as 
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MATCHING 

NETWORK 


Circulator-Coupled  Unilateral  Amplifier  Using  a  Practical 
4-Port  Circulator  and  One  Negative  Resistance  Element 


(149) 


Y  at  P 
P  y  a 
a  P  y 


where  the  parameters  y,  P,  and  a  represent  the  reflection  co¬ 
efficient,  the  isolation,  and  the  forward  insertion  loss, 
respectively.  For  an  ideal  3-port  circulator,  we  have 


Y  =  0  (Perfectly  matched) 

P  -  0  (Infinite  isolation)  (150) 

a  =  1  (Lossless) 


The  equivalent  active  2-port  is  described  by 


=  s22  =  (l  -  rrr^y  +  ( -  y2)r| 

(151) 

=  (  1  -  YT)~1\  a  +  (  P2  -  oty  )r 

(152) 

=  (l  -  yr)_1|/3  +  (a?  -  pr) r| 

(153) 

Substitution  of  Eqs.  (151)  to  (153)  into  the  transducer  power  gain 
expression  (94)  yields 
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G_  = 
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(154) 


5. 4.2.1  Ideal  3-Port  Circulator  Except  y  *  0 

If  the  ?-port  circulator  is  ideal  except  that  y  *  0, 

then 

A  A 

S11  =  S22  =  y 

S21  =  1  (155) 

=21  *  t1  *  r0 


and  the  transducer  power  gain  is  given  by 
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( 156) 


In  this  case,  we  can  substitute  Eq.  (155)  into  Eqs.  (97)  to 
(99)  to  derive  a  stability  criterion  which  is  both  necessary 
and  sufficient  for  stability  with  arbitrary  source  and  load 
mismatches. 
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For  matched  source  and  load, 


n  -  ~ 

t  "  i  -  yrn 


(157) 


This  expression  shows  only  the  effect  of  the  mismatch  of  the 
3-port  circulator.  A  sufficient  condition  for  stability  for 
this  case  is  that 


brol  <! 


(158) 


5. 4. 2. 2  Ideal  3-Port  Circulator  Except  0  *  0 

If  the  3-port  circulator  is  ideal  except  that  the 
isolation  0  4  0,  then 


AsU  -  *22  ■  *b 


-  i  +  rr„ 


(158) 
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(160) 


For  matched  source  and  load. 


G  = 
t 


ft  +  rr 


(161) 


which  shows  that  for  matched  source  and  load,  there  is  no  stability 
problem  due  to  the  fact  that  ft  #  0. 


5. 4.2.3  Ideal  3-Port  Circulator,  Mismatched  Source  and  Load 

For  an  ideal  3-port  circulator,  y  -  0,  ft  =  0,  and 
0=1,  then 


A 

S 


11 


S2.1  =  r0 


(162) 
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It  is  interesting  to  note  that  in  the  3-port  circulator-coupled 
case,  even  the  assumption  of  ideal  circulator  will  not  guarantee 
absolute  stability.  This  can  be  seen  by  substituting  Eq.  (161) 
into  Eqs .  (97)  to  (99).  This  is  due  to  the  mismatches  at  the 
source  and  the  load.  In  this  case  a  sufficient  condition  for 
stability  is  given  by 


P1P2 


<  1 


(164) 
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5. 4. 2. 4  Practical  3-Port  Circulator,  Matched  Source  and  Load 

For  a  practical  3-port  circulator  with  y  +  0,  /3  =£  0, 
and  a  *  1,  but  under  matched  source  and  load  conditions,  we 
have 
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This  expression  shows  only  the  effects  of  a  nonideal  3-port 
circulator.  A  sufficient  condition  for  stability  is  given  by 


(166) 


5. 4. 2. 5  Ideal  3-Port  Circulator,  Matched  Source  and  Load 

Under  ideal  circulator  and  matched  conditions,  the  gain 
is  given  simply  by 
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5.4.3  4-Port  Circulator-Coupled  Unilateral  Amplifier 

A  4-port  circulator-coupled  unilateral  amplifier  is  shown 
in  Figure  63.  The  major  difference  in  this  configuration  compared 
to  the  bilateral  amplifier  presented  in  Figure  58  is  that  now 
only  one  negative  resistance  element  is  used  and  one  of  the  ports 
of  the  circulator  is  terminated  in  a  dummy  load.  The  scattering 
matrix  of  a  practical  4-port  circulator  has  also  been  given  in 
Eq.  (129).  Based  on  this  result,  the  equivalent  active  2-port 
is  represented  by 
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S22  -  I1  -  >r0  I"1  I  y(1  -  >'ro)+  V2r0 


(169) 


^12  -  (i  -  vr0-)-:L  [»(i  -  rr0)  +  P^ar0 
s2i  =  (i  -  yt i,)-1  [„(i  -  rr0)  +  ^r0 


(170) 

(171) 


Substitution  of  Eqs.  (168)  to  171)  into  Eq.  (94)  yields  the 
transducer  power  gain  for  this  amplifier.  This  particular  con¬ 
figuration  has  the  useful  property  that  it  may  be  absolutely 
stable  even  with  practical  4-port  circulator  parameters.  The 
exact  stability  criterion  is  obtained  by  substituting  the  scatter¬ 
ing  parameters  into  Eqs.  (97)  to  (99). 


5. 4. 3.1  Ideal  4-Port  Circulator  Except  y  #  0 

If  the  4-port  circulator  is  ideal  except  that  y  *  0, 

then 


A 

S12  -° 

hi  -  (l  -  ^o)'1  ro 

and 


rof 

-N 

2) 

(l  - 

a) 

ll  - 

yr( 

1  -  P^ 

Pi 

1  -  p2H 

1 2 

(172) 


(173) 


152 


Note  that  in  the  denominator,  since  p^  <  1,  p^  <  1,  and  y  <  1, 

the  only  term  that  might  lead  to  stability  problems  is  1  -  ylQ  . 
This  is  to  be  compared  with  Eq.  (162)  for  the  corresponding 
3-port  circulator  case. 

For  matched  source  and  load,  the  gain  and  stability 
conditions  are  identical  to  Eqs.  (157)  and  (158)  derived  for  the 
3-port  circulator-coupled  configuration. 

For  the  case  where  the  4-port  circulator  is  ideal 
except  that  ^  0,  results  are  similar  to  those  presented  in 
the  corresponding  3-port  circulator-coupled  case. 


5. 4. 3.2  Ideal  4-Port  Circulator,  Mismatched  Source  and  Load 

For  an  ideal  4-port  circulator,  the  circulator  parameters 
attain  their  ideal  limits  contained  in  Eq.  (131).  We  have  that 


S11  - 

S22  ~  0 

»u- 

0 

(174) 

S21  - 

ro 

Gt  ' 

hi2  (i  -hi2 

K1  -N2) 

(175) 

These  results  should  be  compared  with  Eqs.  (161)  and  (162)  for 
the  3~port  circulator-coupled  case.  Note  from  Eq.  (174)  that 
this  case  actually  corresponds  to  an  ideal  unilateral  active 
2-port  with  reverse  transmission  parameter  identically  zero. 

In  fact,  this  unilateral  amplifier  is  absolutely  stable  for 
arbitrary  source  and  load  mismatches.  This  fact  is  also  manifested 
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in  the  gain  expression  presented  in  Eq.  (175).  The  presence 
of  mismatches  will  reduce  the  gain,  but  the  stability  is  not 
affected. 


5. 4. 3. 3  Practical  4-Port  Circulator,  Matched  Source  and  Load 
For  this  case,  we  have 


G 


t 


+ 


1  -  ^r0 


(176) 


This  result  is  similar  to  Eq.  (165)  and  the  sufficient  stability 
condition  (160)  also  applies. 

Finally,  under  the  ideal  4-port  circulator  and  matched 
condition,  the  gain  is  identical  to  (167)  for  the  3-port  circu¬ 
lator-coupled  case. 
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5.4.4  Summary  of  Unilateral  Amplifier  Design  Considerations  "  j 

j  fi 

One  of  '-he  major  desirable  features  of  the  unilateral 
amplifier  is  that  the  stability  of  the  device  is  inherently 
superior  to  the  bilateral  amplifier.  It  is  known  that  a  bi¬ 
lateral  amplifier  is  absolutely  stable  if  and  only  if  it  is 
passive.  Thus,  in  active  arrays,  it  is  not  possible  to  design 
stable  bilateral  amplifiers  which  are  not  functions  of  the  source 
and  load  mismatches.  On  the  other  hand,  we  have  shown  in  the 
previous  sections  that  it  is  possible  to  design  unilateral 
amplifiers  which  are  absolutely  stable. 

For  unilateral  amplifiers,  the  two  circulator-coupled 
configurations  are  superior  to  the  hybrid-coupled  case.  The 
4-port  circulator-coupled  case  is,  in  general,  superior  to 
the  3-port  circulator-coupled  case.  However,  since  in  practice 
the  4-port  circulator  is  realized  by  cascading  two  3-port 
circulators,  the  parameters  of  the  resulting  4-port  circulators 
are,  in  general,  worse  than  the  corresponding  parameters  of  the 
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3-port  circulators.  Even  taking  this  fact  into  account,  the 
overall  performance  of  the  4-port  circulator-coupled  configura¬ 
tion  should  be  the  best  realization  for  unilateral  amplifiers 
in  the  high  microwave  frequencies.  For  frequencies  at  or  below 
S-band,  a  transistor  amplifier  should  definitely  be  used  since 
it  is  unilateral  without  using  any  additional  coupling  networks. 

The  presence  of  inevitable  mutual  coupling  of  the  antenna 
array  imposes  additional  restrictions  on  the  design  of  both  the 
bilateral  and  the  unilateral  amplifiers.  This  important  problem 
is  studied  in  detail  in  Section  VI. 
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SECTION  VI 

STABILITY  CRITERIA  OF  ACTIVE  VAN  ATTA  ARRAYS 


6.1  INTRODUCTION 

This  section  presents  some  results  on  the  stability  of  active 
Van  Atta  arrays  with  imbedded  negative-resistance  elements.  The 
primary  purpose  of  this  study  is  to  delineate  clearly  and  rigor¬ 
ously  the  effects  of  the  antenna  mutual  coupling  on  the  behavior 
of  active  Van  Atta  arrays.  In  particular,  explicit  stability  cri¬ 
teria  are  derived  for  a  general  class  of  active  Van  Atta  arrays. 
Based  on  these  stability  criteria,  definitive  results  are  obtained 
concerning  the  limitations  and  various  tradeoffs  relating  the  size 
of  the  array,  the  amount  of  mutual  coupling,  and  the  gain  of  the 
system. 
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The  material  contained  in  this  section  is  organized  as  follows:  j 

In  paragraph  6.2,  the  stability  of  a  general  active  array  is  formu-  j 

lated;  paragraph  6.3  treats  the  case  of  an  active  array  containing  \ 

arbitrary  numbers  of  independent  1-port  active  elements  and  shows 
that  the  stability  problem  can  be  solved  elegantly  using  a  matrix 
eigenvalue  approach.  In  paragraph  6.4,  it  is  shown  that  the 
stability  problem  of  active  Van  Atta  arrays  can  be  reformulated  so 
that  the  techniques  presented  in  paragraph  6.3  can  be  applied. 

Finally,  in  paragraph  6.4,  stability  criteria  for  a  number  of 
specific  active  Van  Atta  arrays  are  presented. 


6.2  STABILITY  OF  ACTIVE  ANTENNA  ARRAYS 

Figure  64  shows  schematically  a  general  active  array  using  n 
independent  1-port  active  elements.  The  antenna  array  can  be 
characterized  by  its  n  x  n  impedance  matrix 
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.  (p) 
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(177) 


where  the  Z^j(p)  are  the  self-  and  mutual-impedances  of  the  antenna 
array  and  are  considered  to  be  artibrary  functions  of  the  complex 
frequency  variable  p.  The  matrix  Z(p)  is  symmetric  since  the  array 
is  reciprocal.  In  addition,  it  is  also  passive  since  the  active 
elements  have  been  pulled  out. 

The  only  assumptions  we  shall  impose  on  the  antenna  array  are: 

1.  The  self-impedances  are  identical,  i.e., 

Zii(p)  =  i  =  1>  2,  ...,  n; 

and  the  mutual- impedances  differ  only  through  a 
proportionality  constant,  i.e., 

Vp)  "  au  z>)-  M  ■  l>  2-  •••■  n-  1  * J  ! 

2.  The  active  elements  are  identical. 

These  assumptions  amount  to  specifying  that  the  active  array  is 
composed  only  of  identical  antennas  and  active  elements.  These 
assumptions  are  not  very  restrictive  and  are  satisfied  by  a  wide 
class  of  active  arrays  of  interest.  Note  that  the  physical  con¬ 
figuration  of  the  array  is  not  restricted  and  the  self-  and  mutual- 
imnedances  denoted  by  Z  (p)  and  zo(p),  respectively,  can  be  arbi¬ 
trary  functions  of  the  complex  frequency  variable,  p. 


Ihese  impedances  do  nvJt  have  to  be  rational  although  rationality 
ri.-iv  in  invoked  for  convenience. 
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and  the  active  elements  represented  by 


zA(p)  =  za(p)I 


(179) 


where  z^(p)  is  the  Impedance  of  the  identical  active  elements  and 
I_  is  the  n  x  n  identity  matrix. 

Using  some  of  the  results  published  previously,  the  stabil 
ity  of  the  active  array  shown  in  Figure  64  is  governed  by  the 
determinantal  equation 


det  Z(p)  +  ZA(p)  =  0 


(180) 


The  active  array  is  stable  if  this  equation  has  no  solution  in  the 
closed  right-half  p-plane,  Re(p)  >0.^  Substitution  of  Eqs.  (178) 
and  (179)  into  Eq.  (180)  and  factoring  out  the  term  z  (p)  yields 

3 


7 •  Referring  to  Figure  64,  this  condition  corresponds  to  the  fact 

that  the  currents  I, ,  I0,  I  are  identically  zero. 

l  o  n 
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A  key  step  in  our  derivation  is  now  to  identify  the  main  diagonal 
terms  as 


Z  (P)  +  zA(p) 

"7aTC>~  -  ’  -*<»> 


(182) 


and  recognize  that  the  stability  problem  can  be  formulated  as  an 
associated  eigenvalue  problem.  Using  Eq.  (182),  the  determinantal 
equation  ( 181)  can  be  written  simply  as 


[*a(p)]  n<let:[4  l]  =  0 


(183) 


where  A  is  an  n  x  n  constant  matrix  defined  by 


0 

a12 

a13  ‘  * 

aln 

al2 

0 

a23  *  ’  * 

a2n 

• 

• 

0 

• 

• 

* 

* 

• 

'  \ 

• 

aln 

a2n 

a3n  *  *  * 

x0 

(184) 


161 


Except  for  the  factor  [za(p)]n  and  the  dependence  of  X  on  p 
via  Eq.  (182),  Eq.  (183)  is  in  the  standard  form  of  the  character¬ 
istic  equation  of  the  matrix  A.  For  stability,  we  require  Eq.  (183) 
to  have  no  roots  in  the  entire  closed  right-half  p-plane.  A  neces¬ 
sary  condition  for  stability  is  obviously  that  za(p)  can  have  no 
zeros  in  the  closed  right-half  p-plane  [za(p)  cannot  have  poles  in 
right-half  plane  since  the  antenna  array  is  passive] .  Attention 
is  now  concentrated  on  studying  the  eigenvalues  of  the  constant 
matrix  A. 

Let  the  eigenvalues  of  A  be  denoted  by  X.,  i  =  1,  2,  n. 

Discarding  the  factor,  [za(p)]n,  Eq.  (183)  can  be  written  equival¬ 
ently  as 


tfjMp)  - 


( 185) 


Since  the  matrix  A  is  real  and  symmetric,  all  the  eigenvalues  are 
real.  The  dominanting  term  of  Eq.  (185)  as  far  as  stability  is 
concerned  is  the  factor  associated  with  the  maximum  positive  eigen¬ 
value  denoted  by  A  „  • 

J  max 


Thus  the  stability  problem  of  the  active  array  shown  in  Fig¬ 
ure  64  is  now  reduced  simply  to  requiring  that  the  equation 

X(p)  -  A  =0  (186) 

r  max 


must  have  no  zeros  in  the  closed  right-half  p-plane.  Substituting 
Eq.  (182)  into  Eq.  (186),  we  obtain 


ZJp)  +  z  (p) 

— - 7—r~ -  +  X  =  0 

z  (p;  max 

a  r 


(187) 


which,  in  effect,  assumes  the  role  of  a  "characteristic"  equation 
for  the  stability  of  the  active  array,  in  the  sense  that  it  com¬ 
pletely  delineates  the  stability  behavior  of  the  active  array. 
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6.3  STABILITY  CRITERIA  FOR  ACTIVE  ARRAYS  WITH  n  IMBEDDED  ACTIVE 

ONE-PORTS (17) 

The  general  stability  theory  is  now  applied  to  several  active 
arrays  with  n  imbedded  tunnel  diode  amplifiers.  It  is  assumed  that 
the  tunnel  diodes  are  identical ,  and  represented  by  the  usual 
lumped  equivalent  circuit  consisting  of  rs  (spreading  resistance), 

L  (parasitic  series  inductance),  C  (junction  capacitance),  and 
-R  (negative  resistance).  Denoting  the  diode  impedance  by  zj)(p), 
we  have 


*d(p>  *  rs  +  pL  +  pRc"-“ 


p2(LCR)  +  p(rsCR-L)  +  ('  R  -  rg 
pRC  -  1 


For  simplicity,  it  is  assumed  that  zjy  is  the  same  as  z^  without 
considering  explicitly  the  effect  of  the  matching  network  (see 
Figure  64) . 

Consider  first  a  simple  antenna  array  in  which  it  is  assumed 
that  the  antenna  impedance  is  real  (Za  =  Ra  and  za  =  ra)  and  that 
the  mutual  coupling  exists  only  between  antenna  elements  which  are 
adjacent  to  one  another.  For  this  case,  the  n  x  n  matrix  A  of 
Eq.  (184)  is  given  simply  by 


(188) 
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(189) 
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The  eigenvalues  of  this  matrix  can  be  obtained  analytically  for 
arbitrary  n  as 


Xi  =  "2  COsfe?l)'  1  =  L’  2>  n  (190) 


Furthermore,  the  maximum  eigenvalue  is  given  by 


X  =2  cos(~)  (191) 

max  \n+l/  v  ' 

For  example,  X  =  V2  for  n  =  3,  X  =  1.618  for  n  =  4,  and 
L.  max  max  ’ 

X  =  v 3  for  n  =  5,  etc. 

max 

Substituting  Eqs.  (188)  and  (191)  into  Eq.  (187),  the  stabil¬ 
ity  criteria  for  this  '-lass  of  active  array  can  be  written  analyti¬ 
cally  for  arbitrary  n  as 
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(192) 

Before  we  treat  the  next  class  of  active  arrays,  it  should 
be  mentioned  that,  in  general,  ^nax  cannot  be  obtained  analytically 
except  for  special  cases.  If  all  the  elements  of  the  matrix  A  are 
non-negative,  then  various  bounds  exist  09  Xmax*  One  of  the  sim¬ 
plest  ones,  due  to  Frobenius,  states  that^18' 


k  <  X  <  K 
—  max  — 


(193) 


where  k  and  K  are,  respectively,  the  minimum  and  maximum  row  sums 
of  the  non-negative  matrix.  Applying  this  result  to  Eq.  (189), 
k  =  1  and  K  =  2,  independent  of  the  size  of  the  array  n.  Thus 
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1  <  X  <2 

—  max  — 


(194) 


for  any  n.  The  upper  bound  on  X^x  can  be  used  as  a  simple  suf- 
ficient  condition  for  stability  regardless  of  the  size  of  the 
array. 

Consider  a  more  general  class  of  active  array  where  mutual 
coupling  between  nonadjacent  antenna  elements  exists.  In  parti¬ 
cular,  consider  an  array  with  equally  spaced  elements  and  assume 
that  the  mutual  coupling  varies  inversely  proportional  to  the 
square  of  the  spacing  of  the  elements.  The  n  x  n  matrix  A  is 
now  given  by 
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where 


ak  =  <m)2 


,  k  =  1,  2,  n-2 


(196) 


It  is  known  that  the  maximum  eigenvalue  of  an  non-negative  matrix 
is  positive  and  it  is  bounded  by  the  maximum  and  minimum  row  sums 
of  the  matrix.  Let  the  maximum  row  sum  be  denoted  by  K.  Then  a 
sufficient  condition  for  this  class  of  active  array  is  given  by 


(197) 


For  the  purpose  of  illustration,  consider  n  =  3.  We  have 


0 


A  = 


1 


1 

4 


(198) 


The  eigenvalues  of  A  are 


A1  =  1.545 
,\  =  -0.25 

u 

A3  =  -1.245 

O 

Thus,  \p3X  =  1.545  for  n  =  3.  The  minimum  row  sum  is  given  by 

k  =  1.25  and  the  maximum  row  sum  is  given  by  K  =  2.  Using  the 
calculated  the  exact  stability  criterion  is  obtained.  Sub¬ 

stitution  of  the  maximum  row  sum  K  =  2  into  Eq.  (197)  yields  a 
sufficient  condition  for  stability. 


8.  Note  that  for  the  first  array  with  no  nonadjacent  coupling, 

the  Amax  f°r  n  =  3  is  given  by  Amax  =  V2  =  1.414.  The  present 
case  yields  more  stringent  stability  criterion,  as  it  shuuld 
be. 
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For  n  =  4  (2  x  2  array) ,  we  have 
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(199) 


The  minimum  and  maximum  row  sums  of  this  matrix  are  given,  respec- 
tive'lv,  by  k  =  1.36  and  K  =  2.25.  Thus,  1.36  <\  <  2.25. 

The  eigenvalues  for  this  class  of  A  matrix  for  n  up  to  25 
(5x5  array)  have  been  calculated  on  the  computer  and  the  re¬ 
sults  are  tabulated  in  Table  1. 


It  is  interesting  that  it  is  possible  to  derive  a  simple  suf¬ 
ficient  condition  for  the  stability  of  this  class  of  active  arrays 
which  is  independent  of  the  size  of  the  array  and  is  valid  for  an 
infinite  array  of  this  type.  The  matrix  A  for  general  n  is  defined 
by  Eqs.  (195)  and  (196).  As  n  approaches  infinity,  the  minimum 
row  sum  of  A  approaches 


k 

00 


1.667 


(200) 


and  the  maximum  row  sum  of  A  approaches 
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00 
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(201) 
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TABLE  1 


COMPUTED  MAXIMUM  EIGENVALUES  A  FOR 

max 


CASE  1: 

EQ.  (189);  CASE  2: 

EQ.  (195)  AND  (19G) 

n 

CASE  1 

CASE  2 

3 

1.4142 

1.5447 

4 

1.6180 

1.8822 

5 

1.7320 

2.1109 

6 

1.8019 

2.2759 

7 

1.8478 

2.4004 

8 

1.8794 

2.4977 

9 

1.9021 

2.5758 

10 

1.9190 

2.6399 

11 

1.9319 

2.6935 

12 

1.9419 

2.7388 

13 

1.9499 

2.7778 

14 

1.9563 

2.8116 

15 

1.9616 

2.8412 

16 

1.9659 

2.8674 

17 

1.9696 

2.8906 

18 

1.9727 

2.9115 

19 

1.9753 

2.9303 

20 

1.9777 

2.9473 

21 

1.9796 

2.9627 

22 

1.9814 

2.9768 

23 

1.9829 

2.9898 

24 

1.9842 

3.0017 

25 

1.9854 

3.0127 
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Thus,  for  an  infinite  array  of  this  type. 


lc  =  1.667  <  A  <  3.334  =  K 
oo  —  max  —  oo 


(202) 


Clearly,  for  an  array  with  arbitrary  size,  the  maximum  eigenvalue 
is  bounded  by  =  3.334.  Therefore,  for  an  array  of  this  type, 
a  sufficient  condition  which  is  independent  of  the  array  size  is 
given  by  Eq.  (197)  in  which  K  is  replaced  by  derived  above. 

Finally,  we  consider  a  class  of  array  described  by 


A  = 
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The  model  used  in  this  class  probably  does  not  have  the  physical 
basis  as  do  the  previous  two  classes.  It  is  treated  here  merely 
to  illustrate  the  important  effects  of  the  mutual  coupling  on  the 
stability  of  active  arrays. 

For  this  class  of  array,  the  problem  can  be  solved  analytically. 
Note  that  the  minimum  and  maximum  row  sums  of  A  in  Eq.  (203)  are 
equal  and  are  given  by  (n-1).  Hence,  the  maximum  eigenvalue  is 
precisely  equal  to  (n-1)  and  the  stability  criterion  is  contained 
in 


T  r  +  R 
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(204) 
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In  contrast  to  the  previous  two  classes  we  have  treated,  Eq.  (204) 
states  that  there  exists  a  maximum  array  size  such  that  any  array 
of  this  type  with  n  exceeding  this  maximum  will  be  unstable.  The 
fact  that  a  maximum  array  size  exists  for  this  class  of  array  is 
not  surprising  since,  as  defined  in  Eq.  (203),  the  mutual  couplings 
are  equal.  Therefore,  as  n  increases,  the  effect  of  the  mutual 
coupling  will  become  increasingly  important.  Note  that  for  the 
previous  two  classes  (which  represent  more  physically  meaningful 
models  for  the  antenna  array),  this  is  not  the  case.  In  fact,  as 
n  increases,  the  converges  to  a  well-defined  limit  (for  the 

first  class,  the  limit  is  X^ax  =  2  and  for  the  second  class,  the 
limit  is  =  3.334),  so  that  the  stability  is  not  critically 

dependent  on  the  size  of  the  array  as  n  increases.  This  latter 
conclusion  is  also  what  one  would  expect  for  the  array  models  we 
have  chosen. 

The  stability  criteria  presented  in  this  section  contain  de¬ 
sign  tradeoffs  between  ra,  n,  and  determining,  respectively, 
the  amount  of  antenna  mutual  coupling,  the  size  of  the  array,  and 
the  gain  of  the  system.  The  bounds  specified  in  the  stability- 
criteria  are,  of  course,  dependent  on  the  parameters  of  the  active 
elements.  The  mutual  coupling  coefficient  denoted  by  ra  is  a 
design  parameter  and  is  determined  primarily  by  the  antenna  type 
and  the  physical  configuration  of  the  array. 


6.4  STABILITY  OF  ACTIVE  VAN  ATTA  ARRAYS 

The  stability  theory  and  techniques  presently  in  the  previous 
sections  can  be  applied  to  other  classes  of  general  active  arrays. 
In  this  section,  the  stability  of  various  configurations  of  active 
Van  Atta  arrays  are  studied.  It  is  shown  that  the  stability  can 
again  be  formulated  as  a  matrix  eigenvalue  problem.  The  mutual 
coupling  of  the  antenna  elements  plays  an  important  role  in  the 
stability  of  this  class  of  active  arrays. 

Figure  65(a)  shows  an  active  bilateral  Van  Atta  array  using 
2n  antenna  elements  and  n  negative  resistance  amplifiers.  The 
coupling  networks  denoted  by  C  are  lossless  reciprocal  3-ports. 

The  bilateral  amplifiers  used  in  this  class  of  active  array  have 
been  analyzed  in  paragraphs  5.2  and  5,3  (see  Figures  53  to  55)  and 
include  the  special  case  of  the  direct-coupled  amplifiers  shown  in 
Figure  56.  The  schematic  circuit  diagram  of  this  class  of  active 
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array  is  shown  in  Figure  65(b).  Note  that  if  we  lump  the  coupling 
networks  with  the  antenna  array ,  which  is  represented  by  a  2n~port, 
then  we  obtain  an  equivalent  passive  n-port  which  is  terminated 
in  n  independent  negative  resistance  elements.  The  stability  prob¬ 
lem  of  this  active  array  is  now  equivalent  to  the  case  studied  in 
the  previous  section  and  the  techniques  involving  the  matrix  eigen¬ 
value  can  now  be  applied  without  any  modification. 

Figure  66  shows  an  active  bilateral  Van  Atta  array  using  2n 
antenna  elements  and  2n  bilateral  negative  resistance  elements. 

The  coupling  networks  are  4-port  nt  .works  representing  either 
quadrature  hybrids  or  4-port  circulators.  Note  that  this  class 
of  active  Van  Atta  array  is  bilateral.  The  individual  amplifier 
configurations  have  been  studied  in  paragraphs  5.3.1  and  5.3.5. 

As  shown  in  Figure  66(b),  if  we  lump  the  4-port  coupling  networks 
with  the  antenna  array,  then  the  problem  reduces  to  that  of  an 
equivalent  2n-port  terminated  in  2n  independent  negative  resistance 
elements. 

An  active  unilateral  Van  Atta  array  using  n  4-port  circulator- 
coupled  negat  e  resistance  amplifiers  is  shown  in  Figure  67(a). 

The  individui...  unilateral  amplifiers  have  been  studied  in  paragraph 
5.4.3.  In  Figure  67(b),  the  equivalent  n-port  is  terminated  in  n 
Independent  negative  resistance  elements. 

In  these  figures,  the  arrays  are  shown  as  linear  equi-spaced 
arrays.  This  is  done  only  for  ease  in  illustration.  The  theory 
to  be  presented  is  applicable,  in  general,  to  arbitrary  linear  or 
planar  array  configurations.  The  only  restriction  to  be  placed  on 
the  form  of  mutual  coupling  is  that  stated  in  paragraph  6.2. 

We  now  proceed  to  show  that,  in  general,  the  stability  prob¬ 
lem  of  these  active  Van  Atta  arrays  can  be  reduced  to  a  matrix 
eigenvalue  formulation.  In  the  next  section,  explicit  stability 
criteria  of  specific  active  Van  Atta  arrays  are  derived. 

Consider  a  prescribed  n-port  defined  by  its  n  x  n  scattering 
matrix  S. 
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Figure  66.  Active  Bilateral  Van  Atta  Array  Using  2n  Hybrid 
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Figure  67.  Active  Unilateral  Van  Atla  Array  Using  n  4-Port  Circulator-Coupled 
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If  the  n-port  is  terminated  in  n  uncoupled  impedances  described 
by 


a.  =  T, b.,  i  =  1,  2, 
111 


n 


(206) 


then 


b  =  r 


r 


diag 


r 

n 


Substitution  of  Eq.  (207)  into  Eq.  (205)  yields 


(207) 

(208) 


S  a 


=  r-1a 


or 


rw 

S 


=  0 


(209) 


For  stability,  the  incident  waves  a  must  be  identically  equal  to 
aero.  Thus,  the  determinanta'l  equation 


det 


S(  p) 


(210) 


must  have  no  zero  in  the  closed  right-half  p-plane,  Re(p)  >  0. 


let  the  n-port  be  the  equivalent  network  incorporating  the 
antenna  array  and  the  coupling  netv?orks,  and  let  the  terminating 
impedances  correspond  to  the  negative  resistance  elements;  then 
the  statement  contained  in  Eq.  (<l10)  can  be  formulated  as  a  matrix 
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eigenvalue  problem  if  we  assume  that  the  negative  resistance  ele¬ 
ments  are  identical.  This  formulation  is  equivalent  to  Eq.  (180) 
which  was  based  on  the  impedance  matrix  of  the  antenna  array. 

In  Figures  65  to  67 ,  the  coupling  networks  are  incorporated 
v;ith  the  antenna  array  to  derive  an  equivalent  multiple-port  net¬ 
work  which  is  terminated  in  a  set  of  uncoupled  impedances  denoted 
by  the  reflection  coefficients  1^.  Once  this  is  done,  it  is  clear 
that  the  general  techniques  presented  in  paragraphs  6.2  and  6.3  are 
applicable.  It  should  be  noted  that  we  are  treating  active  Van 
Atta  arrays  in  which  the  active  elements  are  composed  of  1-port 
negative  resistance  amplifiers  coupled  by  hybrids  or  circulators. 

We  may  use  unilateral  2-port  amplifiers  as  in  Figure  67,  but  these 
unilateral  amplifiers  are  realized  by  using  4-port  circulators 
and  1-port  reflection  amplifiers.  This  decomposition  is  an  import¬ 
ant  feature  which  allows  us  to  apply  the  techniques  to  general 
antenna  mutual  coupling  and  nonideal  coupling  networks.  If  the 
unilateral  amplifiers  are  actually  transistor  amplifiers,  for 
example,  then  more  elaborate  techniques  must  be  used  to  study 
the  stability  problem. 


6.5  STABILITY  CRITERIA  OF  SOME  ACTIVE  VAN  ATTA  ARRAYS 

This  section  presents  explicit  stability  criteria  of  some 
specific  active  Van  Atta  arrays.  In  particular,  several  config¬ 
urations  are  analyzed  in  detail  to  compare  Van  Atta  arrays  using 
bilateral  and  unilateral  amplifiers.  It  is  shown  that  the  effect 
of  mutual  coupling  on  the  bilateral  case  is  much  more  critical 
than  the  corresponding  unilateral  case.  It  should  be  emphasized 
that  although  only  simple  Van  Atta  arrays  are  treated  in  this  sec¬ 
tion,  the  techniques  presented  here  are  applicable  to  Van  Atta 
arrays  of  arbitrary  complexity.  In  the  more  general  case,  numeri¬ 
cal  computations  of  matrix  eigenvalues  are  necessary. 


6.5.1  Two-Element  Bilateral  Case 


Consider  first  the  simplest  case  having  two  antenna  ele¬ 
ments  with  arbitrary  mutual  coupling.  The  active  elements  are 
either  bilateral  or  unilateral  as  shown  in  Figures  68  and  69,  In 
both  cases,  a  4-port  circulator  is  used. 
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Referring  to  Figure  68,  let  the  antenna  array  be  represented 


b„ 


=  S 


(211) 


S  = 


^0  h 


h  *0 


(212) 


where  and  £  are  measures  of  antenna  match  and  mutual  coupling. 
The  scattering^matrix  of  the  4-port  circular  has  been  presented 
in  Eq.  (129).  Noting  the  direction  of  the  incident  and  reflected 
waves  in  Figure  68(b),  we  have 
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Partitioning  the  4x4  matrix  as  shown,  we  have 
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Substitution  of  Eqs.  (211)  and  (214)  into  Eq.  (215),  we  obtain 


(216) 


i 


i 


where  S  is  the  scattering  matrix  of  equivalent  2-port  [Figure  68(b)] 
given  by 
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The  Import  negative  resistance  amplifiers  at  port  3  and  port  4  are 
described  by 


a3  =  ^3^3 


(218) 


and 


a4  "  r4b4 


(219) 


From  (210),  we  now  have 


(220) 


where  j>  is  defined  in  Eq.  (217).  If  To  =  T.  =  T,  then  Eq.  (^20)^ 
is  in  the  form  of  an  eigenvalue  problem  of  Che  2x2  matrix  IS,  with 


! 

I 

i 
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A  =  X/r.  For  this  simple  case^  Eq.  (220)  can  be  solved  analytically 
without  assuming  that  Fg  =  1^,  and  explicit  stability  criteria  can 
be  obtained  in  terms  or  the  antenna  parameters  Cq,  Cl  and  the  cir¬ 
culator  parameters. 


For  an  ideal, 
have  from  Eqs.  (217) 


but  mismatched  4-port  circular  (y  4  0)  we 
and  (220)  that 


1 


+  C- 


N  + 


■0  1-  yr, 


-)(h 


y  +  C, 


(221) 


where  the  parameters  Cq,  C]_,  and  y,  as  well  as  the  reflection  coef¬ 
ficients  T3  and  F can  be  functions  of  the  complex  frequency  vari¬ 
able  p.  For  stability,  the  characteristic  equation  (220)  cannot 
have  any  zeros  in  the  entire  closed  right-half  p-plane.  This  is 
an  explicit  stability  criterion  which  shows  the  interrelationship 
among  the  following  parameters:  antenna  match  (C'o)>  antenna 
mutual  coupling  (C^),  circulator  reflection  coefficient  (y),  and 
the  gain  of  the  amplifiers  ( !>}  and  r,j) .  If  y  =  0,  then  the  char¬ 
acteristic  equation  (221)  simplifies  to 


/l  -  c 


r  r  = 
3  4 


(222) 


If,  in  addition,  Fg  =  =  T,  then  Eq.  (222)  reduces  to 


1  - 


1  -  (h  +  ?o)r  *  0 


(223) 


Thus,  for  this  case,  a  sufficient  stability  condition  is  given  by 


r  < 


(224) 
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It  is  noted  that  for  this  simple  bilateral  case,  stability 
is  critically  dependent  on  the  antenna  mutual  coupling  as  well  as 
the  match  of  the  antenna  elements.  There  exists,  in  fact,  a 
direct  tradeoff  between  the  gain  of  the  system  and  the  allowable 
mutual  coupling  between  the  antenna  elements.  The  various  gain 
equations  persented  in  Section  V  are  derived  for  the  uncoupled 
case.  When  the  antenna  mutual  coupling  is  taken  into  account, 
these  results  must  be  modified.  In  the  modified  gain  equations, 
the  expressions  given  in  Eqs.  (221)  to  (223)  will  appear  in  the 
denominator  for  the  corresponding  case. 


6.5.2  Two-Element  Unilateral  Case 

The  simple  two-element  unilateral  case  is  shown  in  Figure 
69.  This  is  simular  to  the  bilateral  case  except  that  now  only 
one  negative  resistance  element  is  used  and  port  4  of  the  circu¬ 
lator  is  terminated  in  a  matched  dummy  load  Rq.  Equations  (212) 
to  (216)  are  still  valid.  Instead  of  Eqs.  (218)  and  (219),  we 
now  have 


a 


3  " 


rb3 


(225) 


and 


a 


4 


=  0 


(226) 


Using  Eq.  (226),  the  equivalent  network  is  a  simple  1-port.  The 
characteristic  equation  for  this  case  is  given  by 


S 


(227) 


where  S  is  a  scalar  given  by 
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(228) 


For  a  4-port  circulator  which  is  ideal  except  y  4-  0,  Eq.  (227) 
becomes 


(i  -  v)!1  -  f 


+  ?1  1  -  yTf 


)1  -  1 


Y  +  £ 


Ol-yr 


0  (229) 


If  y  -  0,  then  it  further  reduces  to 


1  -  ?  r  =  0 


(230) 


for  this  case,  a  sufficient  condition  for  stability  is 


CjT  <  1 


(231) 


This  condition  is  compared  with  Eq.  (224)  for  the  correspond¬ 
ing  bilateral  case.  It  is  noted  that  with  an  ideal  4-port  circu¬ 
lator,  the  stability  of  the  unilateral  case  is  independent  of  the 
match  of  the  antenna  elements  (C0)<  This  is  the  sharp  contrast  to 
the  bilateral  case  in  which  has  an  important  role  in  determin¬ 
ing  the  stability. 

In  actual  design  of  active  Van  Atta  arrays,  more  general 
stability  criteria  such  as  Eqs.  (221)  and  (229)  should  be  used 
since  the  importance  of  the  circulator  parameters  on  the  stability 
and  gain  sensitivity  of  the  device  has  already  been  demonstrated 
in  Section  V.  Techniques  presented  here  can  be  used  to  obtain 
definitive  results  on  the  design  of  active  Van  Atta  arrays. 
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6.5.3  Linear  Four-Element  Bilateral  Array 


A  linear  four-element  bilateral  array  is  shown  in  Figure  70. 
This  array  is  equidistant  with  a  separation  of  "d"  between  adjacent 
elements.  The  mutual  coupling  coefficients  are  and 

As  functions  of  separation,  we  have 


q  =  C(d) 

c2  =  S(2d)  (232) 

C3  -  ?(3d) 


The  general  linear  four-element  array  can  be  described  by 
its  scattering  matrix  S,  as  follows: 


b 
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b 


3 


(233) 


(c) 


The  scattering  matrix  of  the  4-port  circulator,  £3 
given  by  Eq.  (129).  We  can  partition  this  4x4  matrix  as 
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Figure  70.  Linear  Four  Element  Bilateral  Active  Van  Atta  Array 


Rearranging  Eqs.  (238)  and  (239),  we  obtain 


(242) 

Substitution  of  Eq.  (242)  into  Eq^  (241)  yields  the  scattering 
matrix  of  the  equivalent  4-port,  § 


where 


(244) 

In  Eq.  (244),  S_  is  the  scattering  matrix  of  the  antenna  array 
given  by  Eq.  (233)  and  S,.,'0*,  c),  and  S~,(c),  are 

submatrices  of  the  circulator  defined  in  Eqs.  (235)  co  (237). 

Using 

a.  =  T.  bt,  i  =  5,  6,  7,  8  (245) 


and  defining  the  diagonal  matrix 

I  =  diag|r5,  r6,  r7,  r8]  (246) 

the  characteristic  equation  for  the  stability  of  this  array  is 
given  by 

det[s  -  r"1)  =  0  (247) 

This  contains  the  complete  solution  of  stability  of  the  linear 
four-element  active  Van-Atta  array  using  bilateral  amplification. 
In  this  solution,  the  antenna  mutual  coupling  is  arbitrary,  the 
circulators  are  nonideal,  and  the  negative  resistance  elements 
are  not  assumed  to  be  identical. 


188 


To  illustrate  this  result  consider  the  case  where  the  4-port 


circulators  are 

assumed  to 

be  ideal. 

The  characteristic  equation 

(247)  becomes 
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(248) 

If,  in  addition,  it  is  assumed  that  r»  =  IV,  =  T„  =  IV.  =  T,  then 
Eq.  (248)  can  be  evaluated  analytically  as0 


(i  -  <jT)(l  -  ?3r)  -  +  ?2)j2  -  (2C1?2i2)2 

♦'oI,{'.I*K-2(<i  +  ‘l)]  -  («o  +  4W) 

(i  -  CjT)  +  (l  -  ?sr)]|  =  o 


(249) 


If,  in  addition,  £0  =  0,  then  Eq.  (249)  reduces  to 


(l  -  ?ir)(l  -  hT)  - 


K^)2  - 0 

(250) 


The  characteristic  equations  for  these  idealized  cases  can 
also  be  obtained  by  using  signal  flow-graph  techniques.  The  loop 
gain  is  calculated  by  considering  all  the  feedback  paths.  In  the 
more  general  cases  in  which  feedback  paths  through  the  circulators 
are  taken  into  account,  the  signal  flow  technique  becomes  cumbersome. 
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The  matrix  eigenvalue  technique  is  simpler  and  can  be  generalized 
to  treat  the  stability  of  arrays  of  arbitrary  complexity  in  a 
straightforward  manner.  Well-known  numerical  techniques  are  avail¬ 
able  to  accurately  compute  the  eigenvalues  of  large  matrices. 


6.5.4  Linear  Four-Element  Unilateral  Array 

A  linear  four-element  unilateral  array  is  shown  in  Figure  71. 
The  mutual  coupling  coefficients  are  the  same  as  that  defined  in 
Eq.  (282).  The  techniques  used  in  paragraph  6.5.3  are  still  appli¬ 
cable,  but  now  the  equivalent  network  S  is  a  2-port  as  shown  in 
Figure  71.  Instead  of  Eq.  (245),  we  have 


a5  "  r5  b5  »  a6  =  r6  b6  (251) 


a 


7 


=  0  , 


0 


Using  Eq.  (252)  we  obtain 


(252) 


(253) 


(254) 


V. 
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Figure  71 .  Linear  Four  Element  Unilateral  Active  Van  Atta  Array 


Rearranging  Eqs.  (253)  and  (254),,  we  have 


(256) 


From  Eqs.  (253)  and  (259), 


(257) 

Substituion  of  Eq.  (257)  into  Eq.  (256)  yields  the  scattering  matrix 
of  the  equivalent  2 -port,  S_. 


(258) 


where 


(259) 


Using  Eq.  (251)  and  defining 

r  =  diag|r5,  rJ  (260) 


the  characteristic  equation  for  stability  is  given  by 

detls  -  r" X|  =  0  (261) 


where  is  presented  in  Eq.  (259).  Thus,  the  stability  of  the 
linear  four-element  unilateral  Van  Atta  array  is  completely  de¬ 
lineated  by  the  determinantal  equation  of  an  equivalent  2x2 
matrix. 

To  illustrate  this  general  result,  consider  the  case  where 
the  4-port  circulators  are  assumed  to  be  ideal.  The  characteristic 
equation  is  given  by 

(l  -  hh)  (X  -  «3re)  -  ?2r5r6  =  0  (262) 


It  is  noted  that  for  the  ideal  circulator  case,  the  parameter 
does  not  affect  the  stability  of  the  unilateral  array. 


If,  in  addition,  =  Tg  =  r,  then  Eq.  (262)  becomes 


(i  -  txr) (i  -  c3r)  -  =  o 


(263) 


This  condition  should  be  compared  with  the  result  of  the  correspond¬ 
ing  bilateral  case  presented  in  Eq.  (249). 


6.5.5  Planar  Four-Element  Unilateral  Array 

Consider  the  planar  four-element  Van  Atta  array  shown  in 
Figure  72(a).  All  the  results  presented  in  paragraphs  6.5.3  and 
6.5.4  can  be  applied  by  redefining  the  scattering  matrix  of  the 
array.  Instead  of  Eqs.  (232)  and  (233),  we  have 


C-L  =  ?(d) 

c2  =  c(V2d) 


(264) 


and  the  scattering  matrix  of  the  planar  four-element  array  is 
given  by 


(265) 


To  obtain  the  characteristic  equation,  Eq.  (265)  is  substituted  into 
Eqs.  (244)  and  (259)  respectively,  for  the  bilateral  and  uni¬ 
lateral  array. 
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For  the  unilateral  case  shown  in  Figure  72,  we  have 


I1  -  Vs)  I1  -  Ve)  -  ?ir5r6  ■  0 


(266) 


which  is  similar  to  the  result  for  the  linear  unilateral  array 
presented  in  Eq.  (262).  llote,  however,  the  definition  of  £  is 
different  for  the  two  cases  (see  Eqs.  (232)  and  (264)). 

If  we  assume  that  =  Tg  =  T,  then  Eq.  (266)  reduces  to 
(L  ‘  ?;2rf  “  ^  =  0  (267) 


which  corresponds  to  Eq.  (263)  for  the  corresponding  linear  array. 


Figure  72.  Planar  Four  Element  Unilateral  Active  Van  Atta  Array 


SECTION  VII 


CONCLUSIONS  AND  RECOMMENDATIONS 


The  present  study  of  active  bilateral  Van  Atta  arrays  accom¬ 
plished  a  number  of  important  objectives.  The  shunt- tunnel-diode 
amplifier  design  originally  proposed  was  shown  to  be  impractical 
for  small  arrays,  due  to  the  strong  interaction  of  the  retrodirected 
and  specular  beams.  Computed  data  for  the  4x4  element  case  show 
little  evidence  of  retrodirectivity .  It  was  also  shown  that  "blind 
incident  angles"  appear  for  which  no  array  return  occurs  at  any 
output  angle,  in  any  high  gain  shunt-diode  array  for  which  the 
inter-antenna  spacing  exceeds  one-half  wavelength. 

Investigation  of  the  application  of  bilateral  amplifiers  to 
Van  Atta  arrays  yielded  several  important  results.  It  was  learned 
that  the  relative  values  of  the  antenna  element  return  loss  (due 
to  mismatch)  and  mutual  coupling  determine  whether  or  not  a  bi¬ 
directional  amplifier  scheme  is  practical.  For  the  cavity-backed 
equiangular  spiral,  it  was  shown  experimentally  that  the  isola¬ 
tion  between  antennas  can  be  as  high  as  60  dB,  compared  to  the  30 
dB  of  return  loss  achievable  with  the  same  antenna  and  its  asso¬ 
ciated  connector.  The  30-dB  difference  is  x'oughly  the  gain  ad¬ 
vantage  of  a  unilateral-amplifier  array  over  the  same  array  using 
bidirectional  amplifiers,  for  comparable  gain  stability. 

Economic  considerations  seem  to  dictate  that  a  Van  Atta  array 
achieve  its  gain  via  its  amplifiers  rather  than  through  a  large 
number  of  elements.  An  increase  in  array  gain  of  6  dB  can  be  had 
either  by  increasing  the  amplifier  gains  by  6  dB,  or  doubling  the 
number  of  element  pairs.  The  upper  limit  on  gain  (for  a  unilateral 
array)  is  set  by  the  reciprocal  of  the  largest  inter-antenna  coupling 
magnitude.  Thus,  the  basic  design  problem  is  to  devise  an  antenna 
system  which  gives  the  desired  angle  coverage,  while  maintaining 
the  lowest  possible  coupling  between  individual  elements.  If  the 
inter-element  coupling  sets  a  gain  limit  which  is  too  low,  or  the 
power  levels  involved  are  too  high  for  available  amplifiers,  then 
the  number  of  elements  must  be  increased  to  achieve  the  required 
gain.  One  may,  of  course,  prefer  array  gain  to  amplifier  gain 
for  reasons  of  security  or  interference  reduction,  dictating  the 
use  of  many  low-gain  elements. 
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Circulator-coupled  avalanche-diode  amplifiers  and  transistor 
amplifiers  are  very  attractive  for  Van  Atta  array  applications. 

These  devices  permit  array  operation  at  much  higher  power  levels 
than  is  possible  with  tunnel  diodes.  The  results  obtained  in  the 
present  study  cart  be  carried  over  directly  to  these  devices. 

Use  of  superregenerative  circuits  should  be  considered  in 
future  active-array  investigations.  Superregenerative  operation 
of  avalanche  diodes  or  transistors  will  permit  very  high  gains 
to  be  achieved  in  a  single-stage  circuit,  without  the  gain-stability 
problems  associated  with  ordinary  ref lection-type  amplifiers. 
Superregenerative  circuit  have  "built-in"  modulation  and  frequency- 
shifting  capabilities  as  well.  The  wide  acceptance  band  and 
relatively  poor  noise  performance  of  superregenerative  circuits 
should  in  no  way  limit  their  usefulness  for  active  arrays. 


APPENDIX  I 


AUTOMATED  DRAFTING  OF  SPIRAL  ANTENNAS 


The  principal  requirement  to  be  met  by  the  spiral  antenna- 
balun  combination  considered  in  Section  III  was  that  it  be  closely 
matched  to  the  interconnecting  transmission  line  in  the  vicinity 
of  4.5  GUz.  Flexibility  in  the  fabrication  of  the  antennas  was 
highly  desirable  in  view  of  the  incomplete  theoretical  and  experi¬ 
mental  data  available.^)  The  necessary  cut  and  try  procedure 
was  greatly  accelerated  by  an  analog  computer  process,  which 
generated  high-contrast  negatives,  suitable  for  direct  contact¬ 
printing  onto  ^sensitized  copper-clad  dielectrics. 

Spiral  antenna  negatives  have  been  drawn  by  digital  computers 
at  Avco.(19)  xt  occurred  to  us  that  a  second-order  linear  differ¬ 
ential  equation  could  be  used  to  generate  spiral  curves  on  an 
analog  computer,  and  a  photograph  made  of  the  resulting  oscillo¬ 
scope  presentation.  Consider  the  following  differential  equation 
for  the  impulse  response  x(t)  of  a  second-order  damped  oscillatory 
system: 


x(t)  +  2orx(  t)  +  J  x(t)dt  =  uQ(t)xo 

-00 


(I-D 


The  solution  to  Eq.  (I-l)  is  an  exponentially  damped  sinusoid: 
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[  the 


If  x(t)  is  plotted  in  rectangular  coordinates  against  y(t) 
corresponding  function  of  sin (u^t  +  0)  ] ,  the  resulting  point 
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traces  out  a  spiral  of  radius  rQ  e  at  an  angular  rate  u>d.  y(t) 
is  easily  made  up  on  the  computer  from  x(t)  and  x(t): 


x  e 


■cut 


y(t)  =  cos'  9  sinj^t  +  =  ~[x(t)  +  afx(t)]  (1-3) 


|r(t)|  =  V?U)  +  y2  ( t )  =  ~ 
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</>(t)  =  co^t  +  0 


(1-4) 


Figure  1-1  shows  the  analog  computer  program  used  to  generate 
x(t)  and  y(t).  The  initial  condition  on  the  second  integrator  sets 
x  ,  and  hence  rQ,  the  maximum  radius  of  the  spiral  curve.  The 
computer  is  operated  repetitively,  so  that  the  system  operates  for 
a  fixed  length  of  time  and  then  repeats-  The  operating  time  and 
the  frequency,  o>d,  fix  the  length  of  the  spiral  curve.  The  initial 
condition,  xQ,  is  swept  at  a  very  slow  rate,  so  that  a  series  of 
closely  nested  spirals  are  drawn  on  the  oscilloscope.  The  camera 
shutter  is  opened  at  the  beginning  of  the  initial-condition  sweep 
cycle.  The  photo  of  the  nested  curves  has  a  constant  angular 
width,  as  required  by  the  antenna  design.  Changing  the  sign  of 
the  initial  condition  on  x(t)  causes  the  computer  to  draw  the 
second  antenna  arm  180°  away  from  the  first. 

Some  additional  refinements  were  incorporated  into  the  process. 
In  order  to  obtain  a  uniform  exposure  over  each  antenna  arm,  it 
was  necessary  to  use  an  exponential  blanking-voltage  variation,  to 
compensate  for  the  exponential  decrease  of  antenna-arm  area  toward 
the  center.  Total  blanking  was  also  necessary  between  computer 
cycles.  The  initial  condition  was  swept  using  a  Tektronix  Type  T 
time-base  unit,  triggered  by  the  repetitive-operation  bus  of  the 
computer. 
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